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�e � �t
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ĝ(i � 1) �� H•(�

­

 8„

(i � 1)
¤+§ �  �Š�–6¡�•	��31�'�~}"�’–������ ���! &�>•-% ���{¬�ŠV„(�’‹�„ �’}

�> ��������� &�‡• ¤+§ � –��! &��� ��%"�’–+���~• 
)���.}"� ¡��n–��� &��� ��%"�’– 31�' 8„~–+•"}*ž������~‹ �
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V�W X�WAY Z�[]\�^%_a`*\Fbc_ed#""_af�\g[]\h_i^%[ij�\�j�k�^%lAm�\ WnWgWnWgWnWgWnWgWgWoWgWnWgWnWgWgWnWgWnWpVQq

V�W X�Wsr Z7f�\utwvgxoy
z6{]|if�\F`*\'{5"}d3[w~o~€••WgWnWgWnWgWnWgWnWgWgWoWgWnWgWnWgWgWnWgWnWpV%‚

V�W X�W X z�d3b2k3\�[aƒQ\Fb:|F\€„�[]d2d#"…WgWnWgWnWgWoWgWgWnWgWnWgWnWgWnWgWgWoWgWnWgWnWgWgWnWgWnWpV%‚

V�W X�W † z�d3b2k3\�[aƒQ\Fb:|F\€d?""_]f�\utwvgxoy
z‡Y3ˆ�twvgxoy
z7r)^%b:j0twvgxoy
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���Ž•

K)�

=

5$!"��G���&��+C$G�;

/c•

5

/

��&

=M/

C��
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1

&N�TC

�)�(�)�(�(�)�(�)�(�(�)�(�)�(�(�)�(�)�(�(�)�*�(�)�(�)�(�(�)�(�)� ‘�?

’”“�•—–™˜}š�›F–�œc•™•hž4Ÿ€ )¡�œ2š—˜-¢”£¥¤2“T•hžu¦nœcŸ—§}¤Š¨Ož4•—–�¤+©™š«ª¬¤2Ÿ�­Š¡™“™®�ž‡¯*¡™•—•Fœ)šh¤2§°¡™•—˜}¤2“0•hž�›h–™“™˜}±T¡�ž�š7¤cª�©�˜-²<ž4Ÿhž4“T•—˜�œc§

ž�±:¡�œc•—˜}¤2“�š3³:´g–™˜}›F–
´ož4ŸhžŠ©™ž4µ�ž4§}¤2•<ž�©·¶T¸
¹T•hž4“™®�§}ž�³Tº«»�›�¤2•%³�¦o¤2¡™§°˜°¶�œc§°¸·œc“�©
¯Š¤2¡�©�˜°ŸFœc•”¸�³�œcŸhž)ž'¼+•hž4“�©™ž�©
•h¤

©™ž4§�œ�¸½©�˜-²¾ž4Ÿhž4“:•—˜�œc§7ž�±:¡�œc•—˜}¤2“�š)¤cª‰•—–�ž¿ªÀ¤2Ÿ—¨

y0(t) = f (t; y(t); y(t � � (t))) ÁoÂ

–�žJŸhž4•FœcŸh©™ž�©ÃœcŸ—®�¡™¨Ož4“:•

˜}šÄœc•™•™Ÿh¤�¼�˜°¨·œc•hž�©Å¶T¸6˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“«³7œQªÀ•hž4Ÿ¿´g–™˜}›F–Æ•—–�žO›�¤2“Tµ�ž4“:•—˜}¤2“�œc§JÇÈ )¡�œ2š—˜-¢]É]£¥¤2“T•hžÊ¦nœcŸ—§}¤¥­u¡™“™®�ž

¯*¡™•—•FœË¨Ož4•—–�¤T©™š½›%œc“Ì¶<žÃœc•™•™§°˜}ž�©

ÁÎÍ

žÃ®�˜°µ�žÏœË•™Ÿh¤T¤cª0¤cª�•—–�ž6›�¤2“:µ�ž4Ÿ—®�ž4“�›�žÏ¤cª0•—–™˜}š
¨Ož4•—–�¤+©Ðœc“�©

˜°•hš¿¤2Ÿh©™ž4Ÿ¿˜°“Ëœ½®�ž4“�ž4ŸFœc§eªÀ¤2Ÿ—¨M³�´g–™˜}›h–Ñ©™¤Tž�šJ“�¤2•�©™ž4•$ž4“�©Å¤2“Ñœ½š—•<ž�›4˜-Ò�›· )¡�œ2š—˜-¢”£¥¤2“T•hžÊ¦nœcŸ—§}¤¥­u¡™“™®�ž

¯*¡™•—•Fœ
¨Ož4•—–�¤T©

Á*Ó

˜°“�œc§°§°¸�³«œO“T¡™¨Ož4Ÿ—˜}›%œc§e˜°“:µ�ž�š—•—˜°®:œc•—˜}¤2“Åšh–�¤%´uš*•—–�œc•*š—˜°¨Ô˜°§�œcŸ*•h¤
¤2Ÿh©�˜°“�œcŸ—¸Ã©�˜-²<ž4Ÿhž4“T•—˜�œc§

ž�±:¡�œc•—˜}¤2“�šw•—–™˜}š€±T¡�œ2š—˜-¢ÈŸFœc“�©™¤2¨Ô˜°Õ%ž�©O¨Ož4•—–�¤+©Ô§}ž%œ2©™še•h¤Äœc“Ô˜°¨Ô•™Ÿh¤3µ�ž4¨Ož4“:•oª¬¤2Ÿe–�ž%œ�µ+˜°§°¸Ö¤�šF›4˜°§°§�œc•—˜°“™®Ä©™ž4§�œ�¸

©�˜-²<ž4Ÿhž4“T•—˜�œc§�ž�±T¡�œc•—˜}¤2“�šŠ›�¤2¨Ô•�œcŸhž�©Mž4µ�ž4“×•h¤Ô–™˜°®�–×¤2Ÿh©™ž4ŸŠ­Š¡™“™®�žJ¯*¡™•—•FœÔšh›h–�ž4¨Ož�š

Á

Â

–�žJ›�¤2“:•hž4“T•(¤cª7•—–™˜}šu›h–�œc•™•hž4Ÿ)˜}šg¶<ž4˜°“™®O•™¡™¶™§°˜}š—–�ž�©½˜°“ÅØ

1:ÙcÚ

Á

ÛW_FÜ Ý+Þ)ß�à<áJâ�ã0ä�ß"åháuÞ

’”“æ•™–T¸+š—˜}›�š)œc“�©½¤2•—–�ž4ŸŠž4“™®�˜°“�ž�ž4Ÿ—˜°“™®·š—¡™¶�ç—ž�›4•hš%³�•—–�ž*ŸFœc•hžJ¤cªe›h–�œc“™®�ž¿¤cªeœ0•™Ÿh¤T›�ž�šhš

y(t)
¤cªÀ•hž4“M©™¤Tž�šu“�¤2•

¤2“™§°¸½©™ž4•$ž4“�©¥¤2“×•—–�žJµ�œc§°¡�žÄ¤cª

y(t)
œc•u•—˜°¨Ož

t
³�¶™¡™•(œc§}šh¤O¤2“¥•—–�žJµ�œc§°¡�ž�š)¤cªe•—–�žJ•™Ÿh¤+›�ž�šhšu˜°“¥•—–�ž¿•�œ2š—•

Á

Â

–�žOè4©™ž4§�œ�¸M©�˜-²¾ž4Ÿhž4“:•—˜�œc§‰ž�±:¡�œc•—˜}¤2“�è(ª¬¤2Ÿg•—–�žJ•™Ÿh¤+›�ž�šhšg•—–�ž4“×›%œc“½¶<žJ´gŸ—˜°•—•hž4“M˜°“½•—–�ž¿®�ž4“�ž4ŸFœc§¾ªÀ¤2Ÿ—¨Mé

y0(t) = f (t; y(t); y(t � � 1(t)) ; :::y(t � � k(t)))
ª¬¤2Ÿ

t > t0;
Ç

0

Á°ê

É

y(t) = y0(t)
ªÀ¤2Ÿ

t � t0 :
Ç

0

Áìë

É

0 0
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1 �T‘

Â

–�žg¨O¤�š—•w“�¤2•—˜}›�ž%œc¶™§}ž)©�˜-²<ž4Ÿhž4“�›�žŠ•h¤¿¤2Ÿh©�˜°“�œcŸ—¸Ö˜°“™˜°•—˜�œc§�µ�œc§°¡�žg•™Ÿh¤2¶™§}ž4¨Ošw˜}šw•—–�œc•€•—–�žg˜°“™˜°•—˜�œc§�µ�œc§°¡�žg¨�¡�š—•

¶$žÖ®�˜°µ�ž4“�œ2š�œÊªÀ¡™“�›4•—˜}¤2“Æ¤2“Ëœc“Ë˜°“:•hž4Ÿ—µ�œc§

[inf t � t0 ;0� j � k t � � j (t); t0]
˜°“�š—•hž%œ2©Æ¤cªg¤2“™§°¸6•—–�žOµ�œc§°¡�ž·œc•

•—–�žJš—•FœcŸ—•—˜°“™®O•<¤2˜°“:•

t0 Á

’”“�Ø

Ù 0cÚ

œc“�©…Ø

Ù�ÙQÚ

¹T•hž4“™®�§}žÖ•™Ÿh¤2•$¤�šhž�©Ïœ6Ç ŸFœc“�©™¤2¨Ô˜°Õ%ž�©�É*£Ã¤2“:•hž·¦nœcŸ—§}¤½œc§°®�¤2Ÿ—˜°•—–™¨ ª¬¤2Ÿ)•—–�žÔšF¤2§°¡™•—˜}¤2“6¤cª

•—–�ž*˜°“™˜°•—˜�œc§�µ�œc§°¡�ž*•™Ÿh¤2¶™§}ž4¨

y0(t) = f (t; y(t)) ; 0 < t < T; y(0) = y0 ;
Ç

0

Á

�

É

´g–�ž4Ÿhž

f
˜}šgš—¨O¤T¤2•—–½˜°“

y
³+¶™¡™•Š¤2“™§°¸Ê¶$¤2¡™“�©™ž�©¥œc“�©��o¤2Ÿhž4§�¨Ož%œ2š—¡™ŸFœc¶™§}žJ˜°“

t ÁeÂ

–�žJª¬œc¨Ô˜°§°¸æ¤cª‰šh¤2§°¡™•—˜}¤2“

¨Ož4•—–�¤T©™š�–�žO•™Ÿh¤2•<¤�šhž�©Ë˜}š�œ��+˜°“Æ•h¤×•—–�ž
­Š¡™“™®�ž'¢”¯*¡™•—•Fœ½ªÈœc¨Ô˜°§°¸�³eœc“�©Æ•—–T¡�š�›%œc§°§}ž�©Ë•—–�ž
­Š¡™“™®�ž'¢”¯*¡™•—•Fœ

£¥¤2“T•hž¥¦nœcŸ—§}¤UÇÀ­)¯J£6¦gÉÄªÈœc¨Ô˜°§°¸

Á

’a“…–™˜}š·©™ž4Ÿ—˜°µ�œc•—˜}¤2“ –�žM©™¤+ž�šÔ“�¤2•O©�˜}šh›4Ÿhž4•—˜°Õ%žM•—–�žæ•—˜°¨Ož�³o¶™¡™•·¤2“™§°¸

•—–�žJš—•�œc•—˜�œc§�©�˜°¨Ož4“�š—˜}¤2“�š

y
³™œc“�©Mšh¤2§°µ�ž�šu•—–�ž*Ÿhž4¨·œc˜°“™˜°“™®·˜°“:•hž4®�ŸFœc§‰ž�±:¡�œc•—˜}¤2“×¡�š—˜°“™®O£¥¤2“T•hž�¦nœcŸ—§}¤Ô˜°“T•hž'¢

®�ŸFœc•—˜}¤2“

Á

º«»�›�¤2•OØ

0

ë

Ú

³�¦o¤2¡™§°˜°¶�œc§°¸6œc“�©6º«»�›�¤2•OØ

ê��

Ú

œc“�©6º«»�›�¤2•Äœc“�©Ï¯)¤2¡�©�˜°ŸFœc•”¸…Ø

0	�QÚ

®�ž4“�ž4ŸFœc§°˜°Õ%ž�©Ï•—–™˜}š

¨Ož4•—–�¤T©ÔªÀ¤2Ÿw¤2Ÿh©™ž4Ÿhš€¡™•O•h¤*•—–™Ÿhž�ž�³+œc“�©Oœ2©™©�˜°•—˜}¤2“�œc§°§°¸Ô¡�šFž�©
 )¡�œ2š—˜-¢”£Ã¤2“:•hž(¦nœcŸ—§}¤¿¨Ož4•—–�¤T©™š€•h¤¿›%œc§}›4¡™§�œc•hž

•—–�ž*Ÿhž�š—¡™§°•—˜°“™®·˜°“T•hž4®�ŸFœc§oÇ •—–T¡�šu•—–�ž*“�œc¨Ož¿­)¯( (£Ï¦ ¨Ož4•—–�¤T©™šuªÀ¤2Ÿg•—–�ž4¨
É

Á

’”“…•—–�ž4˜°ŸæœcŸ—•—˜}›4§}ž�š%³u¹T•hž4“™®�§}ž�³Š¦o¤2¡™§°˜°¶�œc§°¸�³g¯Š¤2¡�©�˜°ŸFœc•a¸Lœc“�©Uº«»�›�¤2•æœc•™•™§°¸�•—–�žM­u¡™“™®�ž'¢”¯*¡™•—•FœLÇÈ )¡�œ2š—˜NÉ

£¥¤2“T•hž
¦nœcŸ—§}¤½¨Ož4•—–�¤+©™š¿¤2“™§°¸6•h¤½¤2Ÿh©�˜°“�œcŸ—¸Ï©�˜-²<ž4Ÿhž4“T•—˜�œc§‡ž�±T¡�œc•—˜}¤2“Å´g˜°•—–Å˜°“™˜°•—˜�œc§€›�¤2“�©�˜°•—˜}¤2“�š0œ2šJ®�˜°µ�ž4“

˜°“Ñž�±T¡�œc•—˜}¤2“•Ç

0

Á

�

É

ÁÃÍ

žÊ´g˜°§°§€Ò�Ÿhš—•Ö®�˜°µ�ž½œ×¶™Ÿ—˜}ž'ª)¤2¡™•—§°˜°“�ž½¤cªŠ•—–�ž4˜°Ÿ0¨Ož4•—–�¤T©™šÖ–�ž4Ÿhž�³e¶<ž'ª¬¤2ŸhžÊœc•™•™§°¸+˜°“™®

•—–�ž4¨ •h¤¥©™ž4§�œ�¸Æ©�˜-²¾ž4Ÿhž4“:•—˜�œc§už�±T¡�œc•—˜}¤2“�š

Á�


“�©™ž4Ÿ0•—–�ž
œ2šhšh¡™¨Ô•™•—˜}¤2“�š�¨Ož4“T•—˜}¤2“�ž�© œc¶$¤3µ�žÃÇ

f
©™¤Tž�š�“�¤2•

ž4µ�ž4“æ–�œ�µ�žJ•h¤0¶<ž(©�˜-²¾ž4Ÿhž4“:•—˜�œc¶™§}ž¿˜°“

t
³+§}ž4•Šœc§}¤2“�ž(šh¨O¤T¤2•—–"É'³

f (y; y(t))
˜}š

Â

œ%¸T§}¤2Ÿi¢”ž'¼�•�œc“�©™ž�©×¤2“™§°¸
´g˜°•—–

Ÿhž�š—•<ž�›4•(•h¤

y(t)
œc“�©Ã•—–�ž0©�˜-²¾ž4Ÿhž4“:•—˜�œc§‡ž�±:¡�œc•—˜}¤2“6˜}š*Ÿhž�›4¡™Ÿhš—˜°µ�ž4§°¸Ãš—¡™¶�š—•—˜°•—¡™•hž�©6˜°“:•h¤æ˜°•hšFž4§-ª

Á¿Â

–™˜}š*§}ž%œ2©™š

•h¤Oœc“×ž�±T¡�œc•—˜}¤2“×¤cª‰•—–�žJªÀ¤2Ÿ—¨ ÇÀšhž�žÔØ

0	�2Ú

É'é

f (t0 + h) = y(t0) +
sX

i =1

Z u0

t0

� � �
Z u i � 1

t0

Fi (u1; : : : ; ui ; y(t0)) dui : : : du1 + O(hs+1 ) ;
Ç

0

Á

1

É

´g–�ž4Ÿhž

u0 = t0 + h
œc“�©U•—–�ž

Fk
³

1 � k � s
³nœcŸhž¥©™ž'Ò�“�ž�© Ÿhž�›4¡™Ÿhš—˜°µ�ž4§°¸…¶T¸

F0(y) = y
³

Fi :=
DyFi � 1f (ui ; y) Á�Â

–�žoš—¡™¨ ˜}š�•—–�ž4“Ö›�¤2¨Ä¶™˜°“�ž�©Ö˜°“T•h¤)¤2“�ž

s
¢”©�˜°¨Ož4“�šh˜}¤2“�œc§+˜°“T•hž4®�ŸFœc§™¤%µ�ž4Ÿwœg“�ž4´Ëª ¡™“�›4•—˜}¤2“

Gs
´g˜°•—–

�u =
�
u� (1) ; : : : ; u� (s)

�
œc“�©MœÖ•$ž4Ÿ—¨�¡™•Fœc•—˜}¤2“

�
š—¡�›F–M•—–�œc•

u� (1) � u� (2) � � � � � u� (s)
é

f (t0 + h) = y(t0) +
1

s!hs� 1
n

Z

(t0 ;t0+ h)s
Gs ( �u; y(t0)) du + O(hs+1 ) ;

Ç

0

Á

0

É

Â

–�ž)ª ¡™“�›4•—˜}¤2“

Gs
˜}š‡Ÿhž4´gŸ—˜°•—•hž4“×¡�š—˜°“™®Oœ�šh¡™˜°•Fœc¶™§}ž)˜}©™ž4“T•—˜°•”¸ÅÇ¬œc“�©½œ2›�›�¤2Ÿh©�˜°“™®·¤2Ÿh©™ž4Ÿg›�¤2“�©�˜°•—˜}¤2“�šu¤2“½•—–�ž

›�¤Tž
�·›4˜}ž4“T•hš�ÉÄ•h¤M®�ž4•0Ÿ—˜}©Ë¤cªu•—–�žÊ©™ž4Ÿ—˜°µ�œc•—˜°µ�ž�š0¤cª

Fi
´g˜°•—–ÑŸhž�š—•<ž�›4•�•h¤

y(t) Á¥Ó

˜°“�œc§°§°¸�³e•—–�žOŸhž4¨·œc˜°“™˜°“™®

˜°“:•hž4®�ŸFœc§"˜}š€œc•™•™Ÿh¤�¼�˜°¨·œc•hž�©O¶T¸Ö£Ã¤2“:•hž(¦nœcŸ—§}¤J˜°“:•hž4®�ŸFœc•—˜}¤2“

ÁwÂ

–�ž

s
¢”¤2Ÿh©™ž4Ÿw­Š¯* (£6¦�¨Ož4•—–�¤T©Ô®�ž4“�ž4ŸFœc•hž�š

œÖšhž�±T¡�ž4“�›�ž

(yn )0� n
©™ž'Ò�“�ž�©M¶:¸ÏÇÀšhž�žJž

Á

®

Á

Ø

0

ë

Ú

¤2ŸÄØ

0	�QÚ

É'é

yn+1 = yn +
hn

s!N

X

0� j <N

Gs (tn;j ; y(tn )) ;
Ç

0

Á

Ù

É

´g–�ž4Ÿhž

tn;j = tn + hn �x j
œc“�©

�x (1)
j � �x (2)

j � � � � � �x (s)
j

œcŸhžO•—–�ž·ž4§}ž4¨Ož4“T•hšÖ¤cªu•—–�ž

s
¢”©�˜°¨Ož4“�šh˜}¤2“�œc§

¡™“™˜-ªÀ¤2Ÿ—¨Ô§°¸Ë©�˜}š—•—Ÿ—˜°¶™¡™•hž�©�šhž�±:¡�ž4“�›�ž

(x j )0� j � N
´g˜°•—–Ñ•—–�ž4˜°Ÿ0©�˜°¨Ož4“�šh˜}¤2“�šÔšh¤2Ÿ—•hž�©Æ˜°“�œ2šh›�ž4“�©�˜°“™®Ï¤2Ÿh©™ž4Ÿ

Á

Â

–�žJž'¼+•™§°˜}›4˜°•uªÀ¤2Ÿ—¨Ošu¤cª7•—–�ž*ªÀ¡™“�›4•—˜}¤2“�š

G1
³

G2
œc“�©

G3
œ2šg®�˜°µ�ž4“M¶T¸æº�»�›�¤2•ÄØ

0

ë

Ú

œc“�©M¯Š¤2¡�©�˜°ŸFœc•a¸ÅØ

0	�cÚ

œcŸhžÖš—–�¤%´g“6˜°“Ïž�±:¡�œc•—˜}¤2“�šOÇ

0

Á°ê

1

ÉŠ•h¤ÏÇ

0

Á°ê

Ù

É4³$•—–�žÖ›�¤2Ÿ—Ÿhž�š—•<¤2“�©�˜°“™®M¤2Ÿh©™ž4Ÿ*›�¤2“�©�˜°•—˜}¤2“�šÄ›%œc“Ã¶<žÄªÀ¤2¡™“�©Ã˜°“

•—–�žJ›4˜°•hž�©×œcŸ—•—˜}›4§}ž�š�ÇÀž�šh•

Á

Ø

0	�

³�ž�±T¡�œc•—˜}¤2“�šÄÇ

1

Á°ê%ë

Én•h¤MÇ

1

Á°ê

0

É

Ú

É

Á

Í

žo´g˜°§°§™¡�šhžo•—–™˜}š7¨Ož4•—–�¤T©Oœc“�©Öž'¼�•hž4“�©Ö˜°•‰•h¤*©™ž4§�œ%¸0©�˜-²¾ž4Ÿhž4“:•—˜�œc§�ž�±T¡�œc•—˜}¤2“�še˜°“Ö•—–�žnŸhž�š—•e¤cª"•—–�žn›F–�œc•™•hž4Ÿ

Á

�

¡™ŸJ©�˜}šh›4¡�šhš—˜}¤2“6´g˜°§°§7“�¤2•¿©™ž4•$ž4“�©6¤2“Ï¤2“�žÔš—•<ž�›4˜-Ò�›Ö­Š¯( (£Ï¦ ¨Ož4•—–�¤T©¾³<–�¤3´‡ž4µ�ž4Ÿ%³�´‡žÖ´g˜°§°§wœc§}šh¤Ê®�˜°µ�ž

š—•<ž�›4˜-Ò�›·•™Ÿh¤+¤cªÀš�ª¬¤2ŸÖ•—–�ž
›�¤2“Tµ�ž4Ÿ—®�ž4“�›�ž×œc“�©Ñ˜°•hšÔ¤2Ÿh©™ž4ŸÖ¤cª)•—–�žÊ­)¯( (£Ï¦

ê

Ø

0

ë

Ú

³e­Š¯* (£6¦

ë

Ø

0

ë

Ú

œc“�©

­Š¯* (£6¦

�

Ø

0	�QÚ

¨Ož4•—–�¤+©™š)œc•™•™§°˜}ž�©M•h¤O©™ž4§�œ�¸½©�˜-²¾ž4Ÿhž4“:•—˜�œc§�ž�±T¡�œc•—˜}¤2“�š
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1 �+?

ÛW_#^ ������ä�à$å��Äß"åFáuÞ á��×ß
	����0à$á�
������

Í

ž€›�¤2“�š—˜}©™ž4Ÿ‰˜°“™˜°•—˜�œc§+µ2œc§°¡�ž€•™Ÿh¤2¶™§}ž4¨Oš�ª¬¤2Ÿ�©™ž4§�œ%¸
Ç¬œc§}šh¤)›%œc§°§}ž�©ÄŸhž4•FœcŸh©™ž�©�É�©�˜-²¾ž4Ÿhž4“:•—˜�œc§™ž�±:¡�œc•—˜}¤2“�šnÇ������‡É

´g˜°•—–×¤2“�ž*Ÿhž4•FœcŸh©™ž�©¥œcŸ—®�¡™¨Ož4“T•Š–�œ%µT˜°“™®O•—–�žJªÀ¤2Ÿ—¨

y0(t) = f (t; y(t); y(t � � (t))) ;
ªÀ¤2Ÿ

t � t0;

y(t) = � (t);
ª¬¤2Ÿ

t � t0 ;

Ç

0

Á �

É

´g–�ž4Ÿhž

y(t)
˜}šwœ

d
¢”©�˜°¨Ož4“�š—˜}¤2“�œc§"Ÿhž%œc§-¢Èµ2œc§°¡�ž�©ÖªÀ¡™“�›4•—˜}¤2“¥Ç ´g–™˜}›F–·˜}š7˜°“O®�ž4“�ž4ŸFœc§�“�¤2•wšh¨O¤T¤2•—–"É'³

� (t)
˜}še•—–�ž

›�¤2“:•—˜°“T¡�¤2¡�š€©™ž4§�œ�¸Äª ¡™“�›4•—˜}¤2“«³:´g–™˜}›h–Ô´ožnœ2šFš—¡™¨Ožo•h¤*¶$ž‡¶$¤2¡™“�©™ž�©0ªÀŸh¤2¨•¶$ž4§}¤3´ Ç

0 < � 0 = inf t � t0 � (t)
É

Á

Ó

¡™Ÿ—•—–�ž4Ÿ—¨O¤2Ÿhž�³

� (t)
˜}š‡•—–�žu˜°“™˜°•—˜�œc§"ªÀ¡™“�›4•—˜}¤2“«³T´g–™˜}›F–
˜}šnœ2šhš—¡™¨Ož�©·•h¤Ä¶<žg•™˜}ž�›�ž4´g˜}šhž(›�¤2“:•—˜°“T¡�¤2¡�šŠœc•€§}ž%œ2šh•

¤2“·•—–�ž)˜°“:•hž4Ÿ—µ�œc§

[inf t � t0 (t � � (t)) ; t0] Á‰Í

žŠ´g˜°§°§$“�¤2•o©�˜}šF›4¡�šhš€•—–�ž(š—˜°¨Ô•™§}ž�š—•n›%œ2šhž)¤cª‰œ¿›�¤2“�š—•Fœc“T•g©™ž4§�œ�¸

ª ¡™“�›4•—˜}¤2“

� (t) = � 0
³�¶™¡™•Š˜°“�š—•hž%œ2©½•—–�ž*¨O¤2ŸhžJ®�ž4“�ž4ŸFœc§‰›%œ2šhžJ¤cªeœÖ©™ž4§�œ%¸Êª ¡™“�›4•—˜}¤2“

� (t)
šFœc•—˜}šiªÀ¸T˜°“™®

t1 � � (t1) � t2 � � (t2)
ªÀ¤2Ÿ

t1 � t2 ;
Ç

0

Á��

É

˜

Á

ž

Á T(t) := t � � (t)
˜}šŠœc“½˜°“�›4Ÿhž%œ2šh˜°“™®OªÀ¡™“�›4•—˜}¤2“×¤cª

t Á

¹+¤2§°¡™•—˜}¤2“�šO¤cª)•—–�ž½©�˜-²¾ž4Ÿhž4“:•—˜�œc§)ž�±:¡�œc•—˜}¤2“ Ç

0

Á �

ÉÖœcŸhž½›�¤2“T•—˜°“:¡�¤2¡�š·ªÀ¤2ŸOœc§°§

t > t0
œc“�©�•™˜}ž�›�ž4´g˜}šhž½©�˜-ª ¢

ªÀž4Ÿhž4“T•—˜�œc¶™§}ž

Á��

Ÿh¤3µT˜}©™ž�©Ñ•—–�œc•

f (t; y; z)
˜}šÊÇ §}¤+›%œc§°§°¸�ÉJº¾˜°•�šh›F–™˜°•—Õæ´

Á

Ÿ

Á

•

Á y
œc“�©

z
³‰•—–�ž·ž'¼�˜}š—•hž4“�›�žÊœc“�©

¡™“™˜}±:¡�ž4“�ž�šFš*•—–�ž�¤2Ÿhž4¨OšJª¬¤2Ÿ*¤2Ÿh©�˜°“�œcŸ—¸6©�˜-²¾ž4Ÿhž4“:•—˜�œc§€ž�±T¡�œc•—˜}¤2“�š¿›%œcŸ—Ÿ—¸6¤%µ�ž4Ÿ¿µ�ž4Ÿ—¶�œc•—˜°¨

Á��

¤%´‡ž4µ�ž4Ÿ%³�ž4µ�ž4“

˜-ª

f
œc“�©

�
œcŸhžJš—¨O¤+¤2•—–«³T•—–�ž*šh¤2§°¡™•—˜}¤2“

y(t)
˜}šg¤2“™§°¸
šh¨O¤T¤2•—–æ˜-ª

� (t)
šh¤2§°µ�ž�šn•—–�ž*©�˜-²<ž4Ÿhž4“T•—˜�œc§�ž�±T¡�œc•—˜}¤2“

Ç

0

Á �

É

Á

�

•—–�ž4Ÿ—´g˜}šhž�³‰•—–�ž·šh¤2§°¡™•—˜}¤2“

y(t)
´g˜°§°§€–�œ%µ�ž·©�˜}šh›�¤2“T•—˜°“:¡�¤2¡�šÔ©™ž4Ÿ—˜°µ�œc•—˜°µ�ž�š

y(j )(tk )
ªÀ¤2Ÿ

j � k
œc•

•—˜°¨Ož�š

tk
³¾´g–™˜}›F–ÑœcŸhžÖŸhž�›4¡™Ÿhš—˜°µ�ž4§°¸Ï©™ž'Ò�“�ž�©Æ¶:¸

tk = T � 1(tk� 1)
ÇÀšFž�ž½Ø

0 0cÚ

É

ÁÔÂ

–™˜}š¿¨Ož%œc“�šJ•—–�œc•Ä´g˜°•—–

ž%œ2›h–Ïœ2©™©�˜°•—˜}¤2“�œc§7•—˜°¨OžÄ˜°“T•hž4Ÿ—µ2œc§7¤cªw§}ž4“™®�•—–

hk = tk � tk� 1
³�•—–�ž0©�˜}šh›�¤2“T•—˜°“:¡™˜°•—˜}ž�š¿œcŸhž0š—¨O¤T¤2•—–�ž�©¥¤2¡™•%³

œc“�©Mœc§°§¾•—–�ž¿©™ž4Ÿ—˜°µ�œc•—˜°µ�ž�šg¡™•M•h¤Ö•—–�ž

k
¢È•—–¥œcŸhžJ›�¤2“:•—˜°“T¡�¤2¡�š

ÁoÓ

¤2ŸŠœÖ›�¤2“�š—•Fœc“:•)©™ž4§�œ�¸Êª ¡™“�›4•—˜}¤2“«³�´‡žJ–�œ%µ�ž

T � 1(tk� 1) = tk� 1 + � 0
³�•—–�ž�šh¤2§°¡™•—˜}¤2“

y(t)
–�œ2š

k
›�¤2“T•—˜°“:¡�¤2¡�šJ©™ž4Ÿ—˜°µ�œc•—˜°µ�ž�š(œc•

tk = t0 + kau0
³$œc“�©

y(k+1) (t)
˜°“Ô®�ž4“�ž4ŸFœc§™–�œ2š€œ€çi¡™¨Ô•O©�˜}šh›�¤2“:•—˜°“T¡™˜°•”¸·œc•

tk Á

’”ª"•—–�žn˜°“™˜°•—˜�œc§�ªÀ¡™“�›4•—˜}¤2“

� (t)
¤2Ÿe˜°•hše©™ž4Ÿ—˜°µ2œc•—˜°µ�ž�š

–�œ�µ�žÖ©�˜}šh›�¤2“T•—˜°“:¡™˜°•—˜}ž�š%³�œ
š—˜°¨Ô˜°§�œcŸJš—•Fœc•hž4¨Ož4“T•J–�¤2§}©™š)´g˜°•—–

t0
Ÿhž4•™§�œ2›�ž�©Ã¶:¸¥•—–�ž�©�˜}šF›�¤2“:•—˜°“:¡™˜°•—˜}ž�š�¤cª€•—–�ž

˜°“™˜°•—˜�œc§¾ªÀ¡™“�›4•—˜}¤2“ËÇÀšhž�žÔØ

0 0cÚ

É

Á

ÛW_�� � ã0Þ����! ãÄß�ß#"%$'& ( �)�‰ß#	0áJâ*�+"��*�*�Få��eâ ß"áŒâ*����"�, â0å.-/�7à
�eÞ)ß"å�"��

��0(ã*"nß"åFáuÞ��

Í

žn´g˜°§°§�Ò�Ÿhš—•e©�˜}šh›4¡�šhše–�¤3´…•—–�žg©™ž4§�œ�¸�ž�©ÊœcŸ—®�¡™¨Ož4“:•

y(t � � (t))
›%œc“Ô¶$žn•—Ÿhž%œc•hž�©¾³Tœc“�©Ô•—–�ž4“O©™ž�©�¡�›�žg•—–�ž

­u¡™“™®�ž0¯*¡™•—•Fœ½ )¡�œ2š—˜-¢”£¥¤2“T•hžO¦nœcŸ—§}¤ÊšF›h–�ž4¨Ož�ªÀ¤2Ÿ*©™ž4§�œ�¸Ã©�˜-²<ž4Ÿhž4“T•—˜�œc§wž�±:¡�œc•—˜}¤2“�š3³"´g–™˜}›F–Ï˜}šJœ·š—•—ŸFœc˜°®�–T•

®�ž4“�ž4ŸFœc§°˜°Õ3œc•—˜}¤2“·¤cª¾¹T•hž4“™®�§}ž21sš3³�º«»�›�¤2•31sš€œc“�©Ô¯)¤2¡�©�˜°ŸFœc•”¸41sš€šh›F–�ž4¨Ož�š€œc•™•™§°˜}ž�©Ö•h¤*•—–™˜}š7•”¸+•$žn¤cª<©�˜-²<ž4Ÿhž4“T•—˜�œc§

ž�±:¡�œc•—˜}¤2“�š

Á5�

¤%´ož4µ�ž4Ÿ%³:©�¡�ž‡•h¤)•—–�žoš—•<ž�›4˜�œc§T“�œc•—¡™Ÿhžg¤cª�©™ž4§�œ%¸�©�˜-²¾ž4Ÿhž4“:•—˜�œc§�ž�±T¡�œc•—˜}¤2“�š%³�šh¤2¨Ožo•—–™˜°“™®�š‰“�ž�ž�©

•h¤Ö¶$ž*–�œc“�©�§}ž�©×¨O¤2Ÿhž¿›%œcŸhž'ªÀ¡™§°§°¸

Á

687:987<; =?>
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CB ����
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>
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�
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Â

–�žu¨·œc˜°“æ¤2¶�š—•Fœ2›4§}ž)´g–�ž4“Êšh¤2§°µ+˜°“™®�©™ž4§�œ%¸·©�˜-²¾ž4Ÿhž4“:•—˜�œc§¾ž�±:¡�œc•—˜}¤2“�š‡˜}š‡•—–�žŠ´nœ�¸O•h¤Ä•—Ÿhž%œc•‡•—–�ž(œ2©™©�˜°•—˜}¤2“�œc§

œcŸ—®�¡™¨Ož4“:•

y(t � � (t))
´g–™˜}›h–½©™ž4•<ž4“�©™š‡¤2“
•—–�žŠ•�œ2šh•€µ�œc§°¡�ž�š‡¤cª«•—–�ž)šh¤2§°¡™•—˜}¤2“

Á

¹+ž4µ�ž4ŸFœc§¾œc•—•hž4¨Ô•™•hš‡–�œ%µ�ž

¶$ž�ž4“×¨·œ2©™ž·ÇÀž

Á

®

Á

¶T¸ �nž4§°§°¨·œc“ËØ
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Ú

ž4•)œc§

Á

ÉO•h¤O›%œc§}›4¡™§�œc•hžÄ•—–�ž¿Ÿhž4•FœcŸh©™ž�©Mµ�œc§°¡�ž�šu¶T¸æŸhž�›4¡™Ÿhš—˜°µ�ž4§°¸½¡�š—˜°“™®

•—–�žN���?�•˜°•hšhž4§-ªi³«–�¤%´‡ž4µ�ž4Ÿ%³�´g˜°•—–Å•—–™˜}š¿œc•™•™Ÿh¤�œ2›F–Æ•—–�žÖ“:¡™¨�¶$ž4Ÿ0¤cªo›%œc§}›4¡™§�œc•—˜}¤2“�š�˜°“�›4Ÿhž%œ2šhžÔ©�ŸFœ2š—•—˜}›%œc§°§°¸

´g˜°•—–

T ÁŠÂ

–�žÄ¤2•—–�ž4ŸJœc•™•™Ÿh¤�œ2›h–Ï•h¤O•—–�ž�Ÿhž4•FœcŸh©™ž�©6œcŸ—®�¡™¨Ož4“:•J˜}š)˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“…ÇÀšFž�žÄž
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´‡ž*´g˜°§°§«¡�šFž

Á

¹T˜°“�›�ž(ªÀ¤2Ÿg•—–�ž*“T¡™¨Ož4Ÿ—˜}›%œc§�šh¤2§°¡™•—˜}¤2“×¤cª‰•—–�žJ©�˜-²<ž4Ÿhž4“T•—˜�œc§�ž�±T¡�œc•—˜}¤2“M•—–�ž*•—˜°¨Ož*˜}šuš—•™§°˜°•g˜°“T•h¤

©�˜}šh›4Ÿhž4•hž*•—˜°¨Ož*š—•hž4•�š%³+§�œc¶<ž4§}ž�©æ´g˜°•—–½˜°“�©™ž'¼
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Ç
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Á
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Ç
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Á
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24 � 7:84711 � 7:62639 � 4:69098 � 4:69087 � 4:69086 � 3:41549
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t � t0 ;

Ç

Ù

Áìë

É

´g–�ž4ŸhžŠ•—–�ž)šh¤2§°¡™•—˜}¤2“

y(t)
˜}šnœ

d
¢”©�˜°¨Ož4“�š—˜}¤2“�œc§<Ÿhž%œc§-¢Èµ�œc§°¡�ž�©
ª ¡™“�›4•—˜}¤2“«³

� 1(t); : : : ; � k(t)
œcŸhž)›�¤2“T•—˜°“:¡�¤2¡�š

©™ž4§�œ�¸ÊªÀ¡™“�›4•—˜}¤2“�š%³™´g–™˜}›h–×´‡žÄœ2šhšh¡™¨OžJ•h¤Ö¶$ž*¶<¤2¡™“�©™ž�©æªÀŸh¤2¨ ¶<ž4§}¤%´•¶T¸

� 0 > 0 ÁwÓ

¡™Ÿ—•—–�ž4Ÿ—¨O¤2Ÿhž�³

� (t)
˜}š

•—–�ž*˜°“™˜°•—˜�œc§«ªÀ¡™“�›4•—˜}¤2“«³™´g–™˜}›h–¥š—–�œc§°§«¶<žJ›�¤2“:•—˜°“:¡�¤2¡�š*œc•u§}ž%œ2š—•u¤2“×•—–�žJ˜°“:•hž4Ÿ—µ�œc§

[inf t0 � t (t � � (t)) ; t0] Á

º¾˜ ��ž6˜°“ Ø

1:ÙcÚ

³)´‡žÏ´g˜°§°§¿šFž�±:¡�ž4“T•—˜�œc§°§°¸Ì›%œc§}›4¡™§�œc•hžÅ•—–�žÅœc•™•™Ÿh¤�¼�˜°¨·œc•hž�©ÐªÀ¡™“�›4•—˜}¤2“•µ2œc§°¡�ž�š

yn
œc•½•—˜°¨Ož�š

tn = t0+
P n

j =0 hj
ª¬¤2Ÿ�•—˜°¨Ožoš—•hž4•�š

hn Á�Â

¤)¤2¶™•Fœc˜°“Ö•—–�ž‡µ2œc§°¡�ž�š7¤cª�•—–�ž‡Ÿhž4•FœcŸh©™ž�©ÖœcŸ—®�¡™¨Ož4“T•hš

y(t � � j (t))
ª Ÿh¤2¨ •—–�žJšhž�±T¡�ž4“�›�ž

(yn )
´‡ž*´g˜°§°§¾¡�šFž

�

ž4Ÿ—¨Ô˜°•hž*˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“«³�¶<ž�›%œc¡�šhž*•—–�ž(“:¡™¨Ož4Ÿ—˜}›%œc§�µ2œc§°¡�ž*¤cª7•—–�ž

©™ž4Ÿ—˜°µ2œc•—˜°µ�ž

y0(t j )
œc•J•—˜°¨Ož

t j
˜}š �+“�¤%´g“ÏªÀŸh¤2¨ •—–�žÔ©�˜-²<ž4Ÿhž4“T•—˜�œc§‡ž�±T¡�œc•—˜}¤2“

ÁÔÂ

–�žÔ¨·œc˜°“Ëœ2©�µ�œc“:•Fœc®�žO¤cª

�

ž4Ÿ—¨Ô˜°•hžu˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“Ê¤3µ�ž4Ÿ€˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“·¨Ož4•—–�¤+©™šw¡�šh˜°“™®gç]¡�šh•e•—–�žnª ¡™“�›4•—˜}¤2“
µ2œc§°¡�ž�šw˜}šw•—–�œc•w˜°•€¤2“™§°¸

“�ž�ž�©™šg–�œc§-ªe•—–�ž*•$¤2˜°“T•hšu•h¤Ô¤2¶™•Fœc˜°“6œ0®�˜°µ�ž4“M˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“Ã¤2Ÿh©™ž4Ÿ

Á

Ó

¤2Ÿ

f
›�¤2“:•—˜°“T¡�¤2¡�šJ˜°“

t
œc“�©Ãº¾˜°•�šh›F–™˜°•—ÕÖ˜°“¥•—–�ž0¤2•—–�ž4Ÿ)µ�œcŸ—˜�œc¶™§}ž�š%³4�(Ÿ—˜°µ�ž4Ÿ0Ø

ë

�2Ú

®:œ�µ�žÔœ·§}¤T›%œc§7ž'¼�˜}š—•hž4“�›�ž

œc“�© ¡™“™˜}±T¡�ž4“�ž�šhš
•—–�ž�¤2Ÿhž4¨ ª¬¤2ŸÊœÅµ�ž4Ÿ—¸…®�ž4“�ž4ŸFœc§ �w¤2§°•hž4Ÿ—ŸFœÅª ¡™“�›4•—˜}¤2“�œc§*©™ž4§�œ�¸ ©�˜-²¾ž4Ÿhž4“:•—˜�œc§Jž�±T¡�œc•—˜}¤2“«³

´g–™˜}›h–×›�¤2“T•Fœc˜°“�š0Ç

Ù

Áìë

Éuœ2šŠœÖš—•<ž�›4˜�œc§�›%œ2šhž

Á

’a“½•—–™˜}šu›%œ2šhž�³™•—–�žJž'¼�˜}š—•hž4“�›�žJ•—–�ž�¤2Ÿhž4¨ Ÿhž%œ2©™š%é

�

k>m`m��

�~��� o �1�~t

�

�

k��


1�!�

k

�lt

k �

�l} �•�•
�� �

k

�

k

���
� €Q��

r

k

� �_n � � ‚P�

� 3F%

f
a

3|?A�
I

 5'*)�%��1),+S';+$�2�
)

t

7*)	6Q?A�
�
I

L_'P (7*L1L

b

�������F #".�1%�&2�1)O%1"S3�';%1"S3#:�7*:T<*+>=f3F)�%1�

y(t)
7;)	6

y(t � � k (t))
J

7;)	6|%1"S32�1),��%���7;L

�

+.)	 P%���'*)

� (t)
 ('*)	%��
),+-'*+.�9'*)

[�; t0]
J

@�"S3#:(3

� = inf t � t0
1� j � k

(t � � j (t)) d��

"S3#)

�

'*:]�R+	�  F�H3#)�%�L

b

�R=f7*L1L

h > 0

%1"S3#:(3C3

�

�
�#%1�Y79+.),� �F+,3G�F'*L +S%���'*)

y(t; t0; � )
%H'9%1"-3Y6;� �„3#:(3#)�%��T7*L•3 �F+S7N%���'*)

Ç

Ù

Áìë

ÉB�

'*:

� � t < t0 + h d

e

3#=f7*:Rg

Ù

Á

>

d

�

“�žJš—–�¤2¡™§}©M“�¤2•—˜}›�ž*•—–�œc•g´g–™˜°§}žJ•—–�žJ­Š¯* (£6¦L¨Ož4•—–�¤+©™šg¨Ô˜°®�–:•)š—•—˜°§°§<¶$ž¿œc•™•™§°˜}›%œc¶™§}ž�³™˜-ª

f
˜}š)“�¤2•(›�¤2“T•—˜°“:¡�¤2¡�š¿¶™¡™•*¤2“™§°¸M¶<¤2¡™“�©™ž�©Ãœc“�©Ã¨Ož%œ2š—¡™ŸFœc¶™§}ž0˜°“

t
³"•—–™˜}š(•—–�ž�¤2Ÿhž4¨ ›%œc“™“�¤2•(¶<žÖœc•™•™§°˜}ž�©

Á

�

¤3´‡ž4µ�ž4Ÿ%³:¡™“�©™ž4Ÿw–:¸+•$¤2•—–�ž�šFž�šwš—˜°¨Ô˜°§�œcŸe•h¤*•—–�žu¤2“�ž�š€¹T•hž4“™®�§}žŠœ2šFš—¡™¨Ož�še˜°“MØ

Ù�Ù

³

�

¸T•<¤2•—–�ž�š—˜}š

ë�Á

>

Ú

³

�

˜}›%œcŸh©

˜°•hž4ŸFœc•—˜}¤2“Ñ›%œc“Ñ¶<ž
œc•™•™§°˜}ž�©Ñ•h¤¥œ2šhšh¡™Ÿhž·§}¤+›%œc§‡ž'¼�˜}š—•hž4“�›�žæœc“�©Æ¡™“™˜}±T¡�ž4“�ž�šhš�˜-ª

f
˜}š�¤2“™§°¸Ï¶<¤2¡™“�©™ž�©�œc“�©

¨Ož%œ2š—¡™ŸFœc¶™§}žJ˜°“

t Á

’Èª

f
˜}š¿“�¤2•¿®�§}¤2¶�œc§°§°¸Å›�¤2“T•—˜°“:¡�¤2¡�š%³‰–�¤%´ož4µ�ž4Ÿ%³

�

ž4Ÿ—¨Ô˜°•hž·˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“�œc“�©Ï•—–T¡�šÄ­)¯( (£Ï¦•¨Ož4•—–�¤+©™š

ªÀ¤2Ÿ ����� ›%œc“Æ¤2“™§°¸6¶$ž·œc•™•™§°˜}ž�©¾³�˜-ªg•—–�žOšh¤2§°¡™•—˜}¤2“

y
˜}š�œc•Ä§}ž%œ2š—•¿•™˜}ž�›�ž4´g˜}šhž
›�¤2“:•—˜°“:¡�¤2¡�šÖ¤2“Å˜°“T•hž4Ÿ—µ2œc§}š

´g–™˜}›h–½›�¤2“:•Fœc˜°“

p=2
¤2Ÿ‡¨O¤2Ÿhž(š—¡™•™•<¤2Ÿ—•‡•<¤2˜°“:•hš

t j ; : : : ; t j + p=2
šh¤�•—–�œc•o•—–�žŠ˜°“T•hž4Ÿ—•$¤2§�œc•—˜}¤2“Mž4Ÿ—Ÿh¤2Ÿn›%œc“
¶<ž

¶$¤2¡™“�©™ž�©M¡�š—˜°“™®Ô•—–�žJ˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“¥¤2Ÿh©™ž4Ÿ

Á

�

¤3´‡ž4µ�ž4Ÿ%³wž4µ�ž4“�š—¨O¤+¤2•—–™“�ž�šhš0¤cª

f
œc“�©

�
©™¤+ž�š�“�¤2•�®�¡�œcŸFœc“T•hž�ž½š—¨O¤T¤2•—–™“�ž�šFš�¤cªu•—–�žÊšh¤2§°¡™•—˜}¤2“

y(t)
³

¶$ž�›%œc¡�šFžÏš—˜°¨Ô˜°§�œcŸ½•h¤ ©™ž4§�œ�¸Ì©�˜-²¾ž4Ÿhž4“:•—˜�œc§�ž�±T¡�œc•—˜}¤2“�šM´g˜°•—–•¤2“�žÅŸhž4•FœcŸh©™ž�© œcŸ—®�¡™¨Ož4“:•�ÇÀšhž�ž…Ø

0 0QÚ

ÉÊ•—–�ž

šh¤2§°¡™•—˜}¤2“…˜°“…®�ž4“�ž4ŸFœc§u´g˜°§°§g–�œ%µ�žM©�˜}šh›�¤2“:•—˜°“T¡�¤2¡�šOÒ�Ÿhšh•O©™ž4Ÿ—˜°µ2œc•—˜°µ�ž�šÊœc•Ô•—˜°¨Ož�š

t (1)
j

´g–™˜}›F–LœcŸhž½©™ž'Ò�“�ž�©

œ2šO•—–�ž¥šh¤2§°¡™•—˜}¤2“�š
¤cªJ•—–�ž¥ž�±:¡�œc•—˜}¤2“�š

t (1)
j � � j (t

(1)
j ) = 0

ª¬¤2Ÿ

1 � j � k
³g©�˜}šh›�¤2“T•—˜°“:¡�¤2¡�šæšhž�›�¤2“�©

©™ž4Ÿ—˜°µ2œc•—˜°µ�ž�š)œc•g•—˜°¨Ož�š

t (2)
j;l

´g˜°•—–

t (2)
j;l � � l (t

(2)
j;l ) = t (1)

j
ªÀ¤2Ÿ

1 � j; l � k
³"œc“�©½šh¤Ö¤2“

Á

�

“½•—–�ž*˜°“:•hž4Ÿ—µ�œc§}š

¶$ž4•a´‡ž�ž4“O•—–�ž4¨M³+œ*›%œc§}›4¡™§�œc•—˜}¤2“
¤cª<•—–�žgž'¼™œ2›4•‡šh¤2§°¡™•—˜}¤2“Ô˜}še•<¤�šhš—˜°¶™§}žn˜°“Ô•—–�ž�¤2Ÿ—¸Ö¶:¸0˜°“�šhž4Ÿ—•—˜°“™®¿•—–�žuœc§°Ÿhž%œ2©�¸
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›%œc§}›4¡™§�œc•hž�©
šF¤2§°¡™•—˜}¤2“OªÀŸh¤2¨ •—–�žu•™Ÿhž4µ+˜}¤2¡�š‡˜°“:•hž4Ÿ—µ�œc§}š€•h¤Ä®�ž4•€Ÿ—˜}©O¤cª«•—–�žŠŸhž4•FœcŸh©™ž�©
œcŸ—®�¡™¨Ož4“:•hš

ÁwÂ

–:¡�šo•—–�ž

›%œc§}›4¡™§�œc•—˜}¤2“¥¤cªwœc“×ž'¼�œ2›4•Ššh¤2§°¡™•—˜}¤2“M¨Ož%œc“�š)šhž�±:¡�ž4“T•—˜�œc§°§°¸½šh¤2§°µT˜°“™®
¤2Ÿh©�˜°“�œcŸ—¸æ©�˜-²¾ž4Ÿhž4“:•—˜�œc§7ž�±T¡�œc•—˜}¤2“�šŠ¤2“

ž%œ2›h–×¤cª7•—–�žJ˜°“T•hž4Ÿ—µ2œc§}š%³�´g–™˜}›h–¥±T¡™˜}› �+§°¸Ê¶$ž�›�¤2¨Ož�š(œc“×œc“�œc§°¸T•—˜}›%œc§°§°¸æ˜°“:•—ŸFœ2›4•Fœc¶™§}ž�•™Ÿh¤2¶™§}ž4¨

Á

�

ž4Ÿhž�³+–�¤3´‡ž4µ�ž4Ÿ%³�´ož(´g˜°§°§¾“�¤2•o¶<ž*›�¤2“�›�ž4Ÿ—“�ž�©æ´g˜°•—–Mž'¼™œ2›4•gšh¤2§°¡™•—˜}¤2“�š3³T¶™¡™•g´g˜°•—–æ˜°•hšn“T¡™¨Ož4Ÿ—˜}›%œc§�œc•™•™Ÿh¤�¼+¢

˜°¨·œc•—˜}¤2“…¶:¸Ñ¨Ož%œc“�šO¤cªÖÇÀ±T¡�œ2š—˜-¢]ÉaŸFœc“�©™¤2¨Ô˜°Õ%ž�© ­Š¡™“™®�ž½¯*¡™•—•FœÃ¨Ož4•—–�¤T©™š

ÁÆÍ

žæ´g˜°§°§nÒ�Ÿhš—•Ö•™Ÿhž�šhž4“T•·¤2¡™Ÿ

­Š¯* (£6¦ ¨Ož4•—–�¤+©¾³�´g–™˜}›F–Æ›�¤2¨Ä¶™˜°“�ž�š�•—–�žO­)¯( (£Ï¦ ¨Ož4•—–�¤T©™š¿¶:¸Æ¹T•hž4“™®�§}ž�³�º«»�›�¤2•%³‰¯Š¤2¡�©�˜°ŸFœc•a¸Æœc“�©

¦o¤2¡™§°˜°¶�œc§°¸Ë´g˜°•—–�•—–�ž

�

ž4Ÿ—¨Ô˜°•hžÊ˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“ ¨Ož4•—–�¤T©Ñª¬¤2ŸÔ©™ž4§�œ�¸Ñ©�˜-²<ž4Ÿhž4“T•—˜�œc§Šž�±:¡�œc•—˜}¤2“�š

ÁÅÍ

žÊ´g˜°§°§

®�˜°µ�ž½œ×š—–�¤2Ÿ—•Ô›�¤2“Tµ�ž4Ÿ—®�ž4“�›�ž½•™Ÿh¤T¤cªŠªÀ¤2ŸÔœcŸ—¶™˜°•—ŸFœcŸ—¸Ñ­)¯( (£Ï¦ šh›h–�ž4¨Ož�šOœc•™•™§°˜}ž�©Ñ•h¤6©™ž4§�œ�¸Ñ©�˜-²<ž4Ÿhž4“T•—˜�œc§

ž�±:¡�œc•—˜}¤2“�šg¤cª�¨Ä¡™§°•—˜°•™§}ž*Ÿhž4•FœcŸh©™ž�©MœcŸ—®�¡™¨Ož4“:•hšu¡™“�©™ž4Ÿn›�ž4Ÿ—•Fœc˜°“½•hž�›F–™“™˜}›%œc§«›�¤2“�©�˜°•—˜}¤2“�šu¤2“æ•—–�ž*©™ž4§�œ�¸
©�˜-ª ¢

ªÀž4Ÿhž4“T•—˜�œc§gž�±:¡�œc•—˜}¤2“«³€•—–�ž·˜°“T•hž4Ÿ—•$¤2§�œc•—˜}¤2“Lœc“�©Ñ•—–�žæš—•<ž�›4˜-Ò�›
­)¯( (£Ï¦ šh›h–�ž4¨OžÊ•Fœ���ž4“�ªÀŸh¤2¨ ¤2Ÿh©�˜°“�œcŸ—¸

©�˜-²<ž4Ÿhž4“T•—˜�œc§ež�±:¡�œc•—˜}¤2“�š

Á �

›�¤2“:µ�ž4Ÿ—®�ž4“�›�žÖ•™Ÿh¤+¤cªeªÀ¤2Ÿ(©™ž4§�œ�¸×©�˜-²¾ž4Ÿhž4“:•—˜�œc§ež�±T¡�œc•—˜}¤2“�š(´g˜°•—–Ã¤2“™§°¸×¤2“�ž�Ÿhž'¢

•FœcŸh©™ž�©ÆœcŸ—®�¡™¨Ož4“:•�´oœ2šÄœc§°Ÿhž%œ2©�¸6®�˜°µ�ž4“Å¶T¸¥•—–�ž
œc¡™•—–�¤2ŸhšJ˜°“UØ

1:ÙQÚ

ÁÔÂ

–�žÔ¶™˜°®�®�ž�š—•J•�œcŸ—•�¤cªo•—–�žÔ›F–�œc•™•hž4Ÿ

´g˜°§°§7¶$ž0©™ž�©�˜}›%œc•hž�©6•h¤Êœc“Ïž'¼�•hž4“�š—˜°µ�ž0“:¡™¨Ož4Ÿ—˜}›%œc§e˜°“Tµ�ž�š—•—˜°®:œc•—˜}¤2“Æ¤cª€•—–�ž0­Š¯* (£6¦ ¨Ož4•—–�¤+©™š(ªÀ¤2Ÿ*©™ž4§�œ�¸

©�˜-²<ž4Ÿhž4“T•—˜�œc§�ž�±T¡�œc•—˜}¤2“�š
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� ��� � 	�� �K $'& ( �)�‰ß
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œ2š0´‡ž4§°§gœ2šÖº«»�›�¤2•%³‡¦o¤2¡™§°˜°¶�œc§°¸�œc“�©Ë¯)¤2¡�©�˜°ŸFœc•”¸ÐÇiØ
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³

´‡ž(´g˜°§°§<“�¤%´Ð©™ž�©�¡�›�žÄ )¡�œ2š—˜-¢”£Ã¤2“:•hžÄ¦nœcŸ—§}¤Öšh›F–�ž4¨Ož�šoªÀ¤2Ÿg©™ž4§�œ�¸Ê©�˜-²<ž4Ÿhž4“T•—˜�œc§«ž�±:¡�œc•—˜}¤2“�šn´g˜°•—–æ¨�¡™§°•—˜°•™§}ž

Ÿhž4•FœcŸh©™ž�©MœcŸ—®�¡™¨Ož4“:•hš

Á‡Â

–�ž�šhž*šh›h–�ž4¨Ož�š)œcŸhž¿œ��T˜°“æ•h¤0•—–�ž(ª¬œc¨Ô˜°§°¸Ê¤cª�­u¡™“™®�ž'¢”¯*¡™•—•FœOšh›h–�ž4¨Ož�šŠœc“�©Ê•—–T¡�š

•—–�ž4¸æœcŸhžÄ¤cª •hž4“M›%œc§°§}ž�©M­Š¡™“™®�ž¿¯*¡™•—•FœMÇÈ )¡�œ2š—˜-¢—Éo£¥¤2“T•hž�¦nœcŸ—§}¤Ošh›F–�ž4¨Ož�š�ÇÀ­Š¯* (£6¦Ì˜°“×š—–�¤2Ÿ—•�É
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0	�2Ú

º«»�›�¤2•(œc“�©M¯)¤2¡�©�˜°ŸFœc•”¸M•—Ÿhž%œc•hž�©×•—–�ž¿›%œ2šhžJ¤cªw¤2Ÿh©�˜°“�œcŸ—¸½©�˜-²<ž4Ÿhž4“T•—˜�œc§‰ž�±T¡�œc•—˜}¤2“�š)œc“�©×©™ž4Ÿ—˜°µ�ž�©¥œ

±:¡�œ2šh˜-¢ÈŸFœc“�©™¤2¨Ô˜°Õ%ž�©×­u¡™“™®�žJ¯*¡™•—•FœOšh›h–�ž4¨Ož

Á

’”ª�´ožÄœ2šhš—¡™¨Ož*•—–�œc•Š´‡žÄœc§°Ÿhž%œ2©�¸ �+“�¤%´Ð•—–�ž¿ž'¼�œ2›4•u¤2Ÿ)œc•�¢

•™Ÿh¤�¼�˜°¨·œc•hž�©Ôšh¤2§°¡™•—˜}¤2“

ŷ
•h¤(•—–�žnž�±:¡�œc•—˜}¤2“Ö¡™•Ö•h¤(•—˜°¨Ož

t
ÇÀ¤2Ÿeœc•7§}ž%œ2š—•7¡™•Ö•h¤

max1� i � k(t � � k(t))
É'³2•—–™˜}š

šh¤2§°¡™•—˜}¤2“
›%œc“
¶$žŠ˜°“�šhž4Ÿ—•hž�©O˜°“T•h¤Ä•—–�žŠŸ—˜°®�–:•o–�œc“�©
šh˜}©™žu¤cª�ž�±:¡�œc•—˜}¤2“6Ç

Ù

Áìë

É4³�œc“�©O•—–�žŠž�±T¡�œc•—˜}¤2“
šh˜°¨Ô•™§°˜-Ò�ž�š

•h¤�œc“æ¤2Ÿh©�˜°“�œcŸ—¸·©�˜-²¾ž4Ÿhž4“:•—˜�œc§«ž�±T¡�œc•—˜}¤2“æœc•o•—˜°¨Ož

t
´g˜°•—–

g(t; y(t)) := f (t; y(t); y(t � � 1(t)) ; : : : ; y(t �
� k(t)) ÁoÂ

–�ž¿µ�œc§°¡�ž¿¤cª7•—–�žÄšh¤2§°¡™•—˜}¤2“Ãœc•u•—–™˜}šu•—˜°¨Ož�›%œc“M“�¤%´ š—˜°¨Ô•™§°¸æ¶$ž¿›%œc§}›4¡™§�œc•hž�©×¶:¸½š—¡�›F–ÃœÔ­Š¡™“™®�ž

¯*¡™•—•Fœ· (£Ï¦Ìšh›h–�ž4¨Ož

Á‡Ó

¤2Ÿu•—–™˜}šŠŸhž%œ2šh¤2“«³™˜°“M•—–�ž*ª¬¤2§°§}¤%´g˜°“™®
•�œcŸFœc®�ŸFœc•™–�šŠ´ožJ´g˜°§°§«Ÿhž4•<ž%œc•Š¯Š¤2¡�©�˜°ŸFœc•a¸��sš

œcŸ—®�¡™¨Ož4“:•hšÄ´g–™˜}›h–Ï§}ž%œ2©6•h¤½­Š¯* (£6¦ ¨Ož4•—–�¤+©™š*ª¬¤2Ÿ*¤2Ÿh©�˜°“�œcŸ—¸6©�˜-²¾ž4Ÿhž4“:•—˜�œc§€ž�±T¡�œc•—˜}¤2“�š

Á0Â

–™Ÿh¤2¡™®�–�¤2¡™•

•—–�žg´g–�¤2§}ž*œcŸ—®�¡™¨Ož4“:•Fœc•—˜}¤2“«³�•—–�žŠž'¼�˜}š—•hž4“�›�žŠœc“�©·¡™“™˜}±:¡�ž4“�ž�šFš‡¤cª¾•—–�žŠšF¤2§°¡™•—˜}¤2“

y(t)
´g˜°•—–

y0 2 L 1(0; T)
“�ž�ž�©™šn•h¤Ö¶$žJœ2šhšh¡™¨Ož�©¾³�´g–™˜}›h–M˜°“½¤2¡™Ÿu›%œ2šhž*˜}šn®�¡�œcŸFœc“T•hž�ž�©½¶:¸Ê•—–�ž*•—–�ž�¤2Ÿhž4¨ œc“�©æ•—–�ž*Ÿhž4¨·œcŸ �+šg¤cª7•—–�ž

•™Ÿhž4µT˜}¤2¡�šŠšhž�›4•—˜}¤2“

Á

¹T•FœcŸ—•—˜°“™®�ª Ÿh¤2¨ •—–�ž6©�˜-²<ž4Ÿhž4“T•—˜�œc§Äž�±T¡�œc•—˜}¤2“

y0(t) = g(t; y(t); y(t � � 1(t)) ; : : : )
¤2Ÿ
˜°•hš½ž�±T¡™˜°µ2œc§}ž4“T•

˜°“:•hž4®�ŸFœc§�Ÿhž4•™Ÿhž�šhž4“:•Fœc•—˜}¤2“

y(t0 + h) = y(t0) +
Z t0+ h

t0

g(u; y(u); y(t � � 1(t)) ; : : : )du

•—–�ž(Ÿhž4•FœcŸh©™ž�©
µ�œc§°¡�ž�š

y(t � � 1(t)) ; : : : ; y(t � � n(t))
œcŸhžJœc•™•™Ÿh¤%¼+˜°¨·œc•hž�©æ¶T¸
¤2Ÿh©�˜°“�œcŸ—¸

�

ž4Ÿ—¨Ô˜°•hž*˜°“:•hž4Ÿi¢

•$¤2§�œc•—˜}¤2“ÃªÀŸh¤2¨ •—–�žÖœc§°Ÿhž%œ2©�¸Ã›%œc§}›4¡™§�œc•hž�©6µ2œc§°¡�ž�š¿œc•*•—–�žÖ©�˜}šh›4Ÿhž4•hž0•—˜°¨Ož�š

tn � t ÁJÂ

–™˜}š*˜}š*©™¤2“�žÖ¡�š—˜°“™®

œc“½˜°“:•hž4Ÿ—•<¤2§�œc•—˜}¤2“×ªÀ¡™“�›4•—˜}¤2“

~z(t) = z(yi ) i � n
(t) =

8
<

:
� (t);

˜-ª

t � t0

Pq (t; (yi ) ; (y0
i ))
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´g–™˜}›h–Ö¡�šhž�š‰•—–�žo˜°“™˜°•—˜�œc§+ª ¡™“�›4•—˜}¤2“

� (t)
ªÀ¤2Ÿeœc§°§�µ2œc§°¡�ž�š‰•™Ÿ—˜}¤2Ÿ7•h¤(•—–�žnš—•FœcŸ—•—˜°“™®*µ2œc§°¡�ž

Á‰Ó

¤2Ÿ7§�œc•hž4Ÿ7•—˜°¨Ož�š7•—–�ž

ª ¡™“�›4•—˜}¤2“

z(t)
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•™˜}ž�›�ž4´g˜}šFžŠ¶T¸

�
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tn
œcŸhžÖ¡�šhž�©Åœ2š¿š—¡™•™•<¤2Ÿ—•J•$¤2˜°“T•hšÄœc“�©6•—–�žÖµ�œc§°¡�žÔ¤cª

y0(tn )
˜}šÄœc•™•™Ÿh¤%¼+˜°¨·œc•hž�©Æ¶:¸

f (tn ; y(tn ); y(tn �
� 1(tn ); : : : ; y(tn � � n (tn ))) Á…Â

–�ž×š—¡™•™•$¤2Ÿ—•Ô•<¤2˜°“:•hšO•h¤Ï›�¤2“�š—•—Ÿ—¡�›4•O•—–�ž

�
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t
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t Á
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� "#%'&'(*),+ "-%,&'(*)1. "-%,&'(*)/0 "-%,&'(*)10

� N = 1000 N = 1000 N = 1000 N = 10
25 � 7:39198 � 7:17466 � 4:21003 � 4:21009 � 4:21026 � 5:55528
26 � 9:12876 � 8:91401 � 6:63217 � 6:63697 � 6:63852 � 5:05383
27 � 9:39176 � 9:16272 � 5:71178 � 5:7132 � 5:71862 � 5:64201
28 � 8:32904 � 8:11228 � 6:85581 � 6:85166 � 6:8277 � 4:75116
29 � 7:28245 � 7:05248 � 5:54155 � 5:53954 � 5:53957 � 5:63427
210 � 8:25863 � 8:00724 � 6:65457 � 6:61329 � 6:76324 � 4:56086
211 � 7:65107 � 7:45674 � 8:69076 � 8:28356 � 8:43429 � 6:29302
212 � 8:31722 � 8:08087 � 9:05153 � 8:95747 � 8:85853 � 2:83075
213 � 9:70187 � 9:80577 � 9:45962 � 9:49673 � 9:4834 � 8:92099
214 � 10:5467 � 8:91969 � 11:3958 � 11:477 � 11:7516 � 5:78229
215 � 9:90117 � 9:0376 � 12:5316 � 11:4426 � 10:1873 � 5:38535
216 � 10:6722 � 8:91812 � 9:03928 � 10:7756 � 10:0035 � 2:928
217 � 9:77875 � 9:56794 � 9:40501 � 9:2114 � 8:78821 � 4:24964
218 � 7:38222 � 7:32184 � 10:7567 � 11:135 � 10:9163 � 5:74555
219 � 9:57111 � 9:9538 � 9:1594 � 9:72612 � 9:10414 � 5:56226
220 � 10:7389 � 9:03267 � 12:0962 � 12:7167 � 13:2895 � 6:09049

�
�

�

�

(0:5745s) (0:331s) (0:995s) (2:8885s) (9:657s) (0:1075s)
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š—–�¤3´…•—–�žgŸhž�š—¡™§°•hšw¤cª¾¤2¡™Ÿw›%œc§}›4¡™§�œc•—˜}¤2“�š€ªÀ¤2Ÿ7˜°“�›4Ÿhž%œ2š—˜°“™®

� = 2k ³

0 � k � 20Á

�

š‰¤2“�žo¨Ô˜°®�–:•wž'¼�•$ž�›4•‰ªÀŸh¤2¨••—–�ž‡•—–�ž‡Ÿhž�š—¡™§°•hš7˜°“½Ø

1:ÙQÚ

³cª¬¤2Ÿ7šh¨·œc§°§Tµ�œc§°¡�ž�še¤cª

�
³2•—–�žn›�¤2“Tµ�ž4“:•—˜}¤2“�œc§"­Š¡™“™®�ž'¢

¯*¡™•—•FœÄšF›h–�ž4¨Ož�šg›4§}ž%œcŸ—§°¸O®�˜°µ�ž)¶$ž4•—•hž4ŸoŸhž�š—¡™§°•hšo•—–�œc“Ê•—–�ž)±T¡�œ2š—˜-¢ÈŸFœc“�©™¤2¨Ô˜°Õ%ž�©æ¨Ož4•—–�¤+©™š‡•™Ÿhž�šFž4“:•hž�©Ê–�ž4Ÿhž

Á

�

¤3´‡ž4µ�ž4Ÿ%³ŠªÀ¤2Ÿ
µ2œc§°¡�ž�šæ¤cª

�
œc¶<¤%µ�ž

211 ³u•—–�ž¥­)¯( (£Ï¦ ¨Ož4•—–�¤+©™šÊ¶$ž�›�¤2¨OžÃ›�¤2¨Ô•<ž4•—˜°•—˜°µ�ž�³(œc“�©L®�˜°µ�ž

¶$ž4•—•hž4Ÿ(Ÿhž�š—¡™§°•hš)ª¬¤2Ÿ

� > 12Á

�

“�ž�–�œ2š(•h¤
“�¤2•—˜}›�ž0•—–�œc•Jœc§°§‰•—–™Ÿhž�žÖ­Š¯* (£6¦ ¨Ož4•—–�¤+©™š)´ož0˜°“:µ�ž�š—•—˜°®:œc•hž

š—–�¤%´ÎŸh¤2¡™®�–™§°¸6•—–�žÔšFœc¨OžO¶$ž4–�œ%µT˜}¤2¡™Ÿ%³‰œc§°•—–�¤2¡™®�–Å˜°“Å•—–�ž�¤2Ÿ—¸Ã•—–�ž4¸6œcŸhžO¤cªn©�˜-²<ž4Ÿhž4“T•�¤2Ÿh©™ž4Ÿ

ÁN�

¤%´ož4µ�ž4Ÿ%³

•—–�žæ“:¡™¨�¶$ž4Ÿ

N
¤cª(šFœc¨Ô•™§}žM•$¤2˜°“T•hšÔ˜}šÔ¤cª(®�Ÿhž%œc•Ô˜°¨Ô•<¤2Ÿ—•Fœc“�›�žM•h¤6•—–�žæ“T¡™¨Ož4Ÿ—˜}›%œc§ŠŸhž�š—¡™§°•%³‡ž�š—•<ž�›4˜�œc§°§°¸�³

•Fœ��T˜°“™®

N
•h¤+¤æš—¨·œc§°§7§}ž%œ2©™š*•h¤½œ·§�œcŸ—®�žÖ¶™˜�œ2š*˜°“6•—–�ž0Ÿhž�š—¡™§°•hš

Á

’”•*•—¡™Ÿ—“�ž�©Ï¤2¡™•*•—–�œc•Äœc¶$¤2¡™•

N � 1000
ž4µ2œc§°¡�œc•—˜}¤2“�šoª¬¤2Ÿnž%œ2›h–æ•—˜°¨Ož*š—•hž4•æœcŸhž*ž4“�¤2¡™®�–æ•h¤Öœ2›h–™˜}ž4µ�ž¿œ�š—¡ �·›4˜}ž4“:•Šœ2›�›4¡™ŸFœ2›4¸Ê¤cª�•—–�ž* )¡�œ2šh˜-¢”£¥¤2“T•hž

¦nœcŸ—§}¤0˜°“:•hž4®�ŸFœc•—˜}¤2“×˜°“Tµ�¤2§°µ�ž�©¾³�šh¤0´‡ž*¤2“™§°¸Ê•™Ÿhž�šhž4“:•gŸhž�šh¡™§°•hšn´g˜°•—–

N = 1000ÁwÂ

–�žJ›�¤2¨Ô•�œcŸ—˜}šh¤2“×œc¶<¤%µ�ž
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Á
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� "#%'&'(*),+ "#%'&'(*)1. "#%'&'(*)10 "#%'&'(*)10

� N = 1000 N = 1000 N = 1000 N = 10
25 � 8:87234 � 8:88586 � 5:71718 � 5:71687 � 5:71446 � 1:63038
26 � 9:26313 � 9:17274 � 5:72643 � 5:8531 � 5:79093 � 1:78973
27 � 10:1041 � 9:86726 � 6:31692 � 6:26188 � 6:02894 � 1:98767
28 � 9:95295 � 9:79758 � 6:80873 � 6:24588 � 5:80225 0:31842
29 � 11:208 � 10:7435 � 5:94728 � 6:03407 � 5:95347 0:17748
210 � 11:5016 � 11:6134 � 5:19338 � 3:91158 � 4:56006 2:86029
211 � 10:7611 � 8:90505 � 5:65698 � 3:47692 � 5:23753 1:29468
212 � 10:6531 � 5:24012 � 3:95011 � 3:41886 � 4:53776 3:46736
213 � 5:4083 � 1:92602 � 6:733 � 6:71153 � 7:15757 � 0:33684
214 � 2:39403 � 2:37575 � 3:23562 � 3:83238 � 4:34481 1:77534
215 � 2:04463 � 1:2864 � 3:86274 � 3:65393 � 3:62819 2:62794
216 � 2:24314 � 1:66459 � 1:00946 � 0:9048 � 1:49998 4:49528
217 � 1:05771 � 0:85625 � 1:39275 � 0:06356 � 0:22052 4:10072
218 � 0:42866 � 0:42336 � 1:11109 � 1:2283 � 1:71019 3:31797
219 � 1:41526 � 1:28994 � 0:50625 � 0:82309 � 1:28871 3:3318
220 � 1:97097 � 0:15265 � 2:66799 � 3:7689 � 3:32669 1:8979

�
�

�

�

(0:914s) (0:52s) (1:317s) (3:9515s) (13:1045s) (0:144s)
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� "-%,&'(*)'+ "#%'&'(*)1. "#%'&'(*)10 "#%'&'(*)10

� N = 1000 N = 1000 N = 1000 N = 10
25 � 0:03254 � 0:02311 � 0:56156 � 0:5624 � 0:5612 � 0:23613
26 1:17245 2:86221 0:02865 0:02788 0:03007 0:33568
27 0:50327 3:21856 � 0:57879 � 0:59252 � 0:61976 1:79124
28 4:34429 4:33091 0:20416 0:21056 0:20644 1:49253
29 4:82238 5:07044 0:13955 0:15332 0:13093 3:3962
210 1:2717 0:44702 0:00626 0:00308 � 0:01275 3:98611
211 5:32135 9:6919 0:26602 0:19461 0:13048 4:64482
212 11:5943 14:8719 1:71566 1:68044 1:57747 7:51536
213 11:1378 15:3605 � 0:14943 0:06415 � 0:02259 7:20202
214 14:1873 15:9873 1:93997 1:99741 1:57252 11:7018
215 14:0843 15:7865 3:05771 3:47916 2:98297 13:5787
216 16:2482 16:7093 6:6045 5:70631 5:35894 14:4304
217 15:4825 16:0032 8:33202 7:58254 7:87936 17:3266
218 16:2581 18:0802 9:70491 8:74674 7:48048 17:3213
219 19:3875 20:7898 11:5075 11:1776 9:60934 17:2286

�
�

�

�

(0:316s) (0:1815s) (0:669s) (1:977s) (6:486s) (0:0725s)
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lim
c! a
c> a
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f (x) dH(x)
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š—–�¤2¡™§}©Æ¶$žÔ¡™“�©™ž4Ÿhšh•h¤T¤+©Æ›�¤2¨Ô•<¤2“�ž4“:•i¢È´g˜}šhž

ÁMÍ

ž

´g˜°§°§�©™ž'Ò�“�ž¿•—–™˜}šg§°˜°¨Ož�š)œ2šg•—–�ž*µ�œc§°¡�ž¿¤cª7•—–�žJ˜°¨Ô•™Ÿh¤2•<ž4Ÿu˜°“:•hž4®�ŸFœc§

Á



K)8"G�5$�

/

�

?����

C�9��+!"C$ 

/

 ��

�)/

&NDT8��

/

 Ã&NC��

/

DT�4G���&��+C65$�4�T9<;

/2=M1 ���

�
’”ª$•—–�žg˜°“T•hž4®�ŸFœc•—˜}¤2“Ê©™¤2¨·œc˜°“
˜}šw“�¤2•‡œ¿›�¤2¨Ô•�œ2›4•‡š—¡™¶™˜°“T•hž4Ÿ—µ2œc§$¤cª

Rs ³�˜

Á

ž

Á
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ai = �1
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bi = 1
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c! a+
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[c;d ]
f (x) dH(x)

–�œ2šg•h¤·ž'¼+˜}š—•uªÀ¤2Ÿuž4µ�ž4Ÿ—¸ÊÒ�“™˜°•hž*Ò™¼™ž�©½¡™•™•<ž4Ÿu¶$¤2¡™“�©�œcŸ—¸

d 2 (a; b)
³

kdk < 1 Á

’”“�©™ž4•<ž4“�©™ž4“:•—§°¸�³

ª¬¤2Ÿ(œc“T¸MÒ™¼™ž�©

c 2 [a; b]
œ2šŠ§}¤3´‡ž4ŸJ˜°“T•hž4®�ŸFœc•—˜}¤2“Ï¶$¤2¡™“�©�œcŸ—¸M´g˜°•—–

c > a
›�¤2¨Ô•<¤2“�ž4“:•i¢È´g˜}šFž�³¾•—–�ž

§°˜°¨Ož�š

lim
d! b �
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f (x) dH(x)
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•h¤¥•—–�žÊ¶$¤2¡™“�©�œcŸ—˜}ž�šÔ¤cªŠ•—–�ž
˜°“:•hž4®�ŸFœc•—˜}¤2“L©™¤2¨·œc˜°“

K
œc“�©Ë©™ž'Ò�“�žæ•—–�ž
µ2œc§°¡�žæ¤cªu•—–�žÊ˜°¨Ô•™Ÿh¤2•<ž4Ÿ

˜°“T•hž4®�ŸFœc§‰œ2š

lim
d! b �

c! a+

Z

[c;d ]
f (x) dH(x) :

� Â

–�žÊ˜°“:•hž4®�ŸFœc“�©

f (x)
•$¤�šFš—˜°¶™§°¸Å–�œ2šÔš—˜°“™®�¡™§�œcŸ—˜°•—˜}ž�š·œc•Ö•—–�žÊ§}ž'ªÀ•0¶<¤2¡™“�©�œcŸ—¸Ë¤cª)•—–�žæ˜°“:•hž4®�ŸFœc•—˜}¤2“

©™¤2¨·œc˜°“«³™˜

Á

ž

Á limx i ! ai jf (x)j = 1
ª¬¤2Ÿušh¤2¨Ož

i 2 f 1; : : : ; sg Á

� Â

–�ž�šhž�š—˜°“™®�¡™§�œcŸ—˜°•—˜}ž�šJœcŸhžÄ•—–�ž�¤2“™§°¸Mš—˜°“™®�¡™§�œcŸ—˜°•—˜}ž�š*¤cª

f (x) Á

’a“M•�œcŸ—•—˜}›4¡™§�œcŸ*•—–™˜}š)¨Ož%œc“�šŠ•—–�œc•)ªÀ¤2Ÿ

œc§°§

" > 0
•—–�ž4Ÿhž¿ž'¼�˜}š—•hšgšh¤2¨Ož

M < 1
³™š—¡�›F–M•—–�œc•

jf (x)j < M
ª¬¤2ŸŠœc§°§

x 2 [a + " ; b] :

�nž'ªÀ¤2Ÿhž×´‡ž¥Ÿhž�›%œc§°§

�

§�œ�´ ��œ �sš
˜°“:•hž4®�ŸFœc•—˜}¤2“•ž4Ÿ—Ÿh¤2ŸÊ¶$¤2¡™“�©•Ç Ÿhž�š—•<ž�›4•—˜°µ�ž4§°¸LœÅš—§°˜°®�–T•
®�ž4“�ž4ŸFœc§°˜°Õ3œc•—˜}¤2“Ìª¬¤2Ÿ

´‡ž4˜°®�–T•hž�©M˜°“:•hž4®�ŸFœc•—˜}¤2“"ÉŠšh¤2¨OžJ¨O¤2ŸhžÄ©™ž'Ò�“™˜°•—˜}¤2“�š)œcŸhžJŸhž�±T¡™˜°Ÿhž�©¾é

€

k��

�l

��
1�	� �	�����

Â

–�ž

H
¢”©�˜}šh›4Ÿhž4•�œc“�›4¸½¤cª

! = (y1; y2; : : : )
¨Ož%œ2šh¡™Ÿhž�šg•—–�ž¿©�˜}š—•—Ÿ—˜°¶™¡™•—˜}¤2“M•™Ÿh¤2•<ž4Ÿ—•—˜}ž�š

¤cª‰•—–�žJšFž�±:¡�ž4“�›�ž

Á

’a•g˜}šu©™ž'Ò�“�ž�©×œ2š

DN ;H (! ) = sup
J � K

�
�
�
�

1
N

AN (J; ! ) � H (J )

�
�
�
� ;

Ç

�+Á

�

É

´g–�ž4Ÿhž

AN
›�¤2¡™“:•hš)•—–�ž*“:¡™¨�¶$ž4Ÿ(¤cª7ž4§}ž4¨Ož4“T•hšŠ˜°“

(y1; : : : ; yN )
ªÈœc§°§°˜°“™®O˜°“:•h¤Ô•—–�ž¿˜°“:•hž4Ÿ—µ�œc§

J
³™˜

Á

ž

Á

AN (J; ! ) =
NX

n=1

� J (yn ):

€

k��

�l

��
1�	� �	��n�� �o¸æœÖ•�œcŸ—•—˜°•—˜}¤2“

P
¤cª

K
´ožJ¨Ož%œc“ÃœÖšFž4•u¤cª

s
Ò�“™˜°•hž¿šhž�±T¡�ž4“�›�ž�š

(j = 1; : : : ; s)
³

aj = � (j )
0 � � (j )

1 � � � � � � (j )
m j

= bj :

’”“M›�¤2“™“�ž�›4•—˜}¤2“¥´g˜°•—–×š—¡�›F–×œÖ•�œcŸ—•—˜°•—˜}¤2“×¤2“�ž¿©™ž'Ò�“�ž�šuªÀ¤2Ÿuž%œ2›F–

j
•a´‡¤·¤2•<ž4ŸFœc•h¤2Ÿhšu¶T¸

� j f (x (1) ; : : : ; x (j � 1) ; � (j )
i ; x (j +1) ; : : : ; x (s) ) =

f (x (1) ; ::; x (j � 1) ; � (j )
i +1 ; x (j +1) ; ::; x (s) ) � f (x (1) ; ::; x (j � 1) ; � (j )

i ; x (j +1) ; ::; x (s) )

ªÀ¤2Ÿ

0 � i < m j
œc“�©

� �
j f (x (1) ; : : : ; x (j � 1) ; 1; x (j +1) ; : : : ; x (s) ) =

f (x (1) ; ::; x (j � 1) ; � (j )
i +1 ; x (j +1) ; ::; x (s) ) � f (x (1) ; ::; x (j � 1) ; 0; x (j +1) ; ::; x (s) ):
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/2=M1 �+‘

€

k��

�l

��
1�	� �	���~�

Ó

¤2Ÿ(œ�ª ¡™“�›4•—˜}¤2“

f
¤2“

K
³+´‡ž¿šFž4•g•—–�žJµ2œcŸ—˜�œc•—˜}¤2“×˜°“½•—–�ž¿šhž4“�šhž*¤cª	�)˜°•Fœc§°˜�œ2šoª¬¤2§°§}¤%´uš

V (l ) (f ) = sup
P

m1 � 1X

i 1=0

� � �
m l � 1X

i l =0

�
�
� � 1;:::;l f (� (1)

i 1
; : : : ; � (l )

i l
)
�
�
� ;

´g–�ž4ŸhžJ•—–�žÄšh¡™•™Ÿhž4¨Ä¡™¨ ˜}š)ž'¼+•hž4“�©™ž�©×¤%µ�ž4Ÿ(œc§°§�•�œcŸ—•—˜°•—˜}¤2“�š

P
¤cª

K ÁwÂ

–�žÄµ2œcŸ—˜�œc•—˜}¤2“×¤cª

f
Ÿhž�š—•—Ÿ—˜}›4•hž�©×•h¤

œc“½˜°“:•hž4Ÿ—µ�œc§

[a; b]
´g˜°§°§¾¶$žJ©™ž4“�¤2•hž�©

V[a;b ](f ) Á

Ó

˜°“�œc§°§°¸O§}ž4•

1 � l � s
³

1 � i 1 < � � � < i l � s
œc“�©

V (l ) (f ; i 1; : : : ; i l )
¶<žŠ•—–�ž �)˜°•Fœc§°˜<µ�œcŸ—˜�œc•—˜}¤2“½¤cª�•—–�ž

Ÿhž�š—•—Ÿ—˜}›4•—˜}¤2“×¤cª

f
•h¤Ö•—–�ž

l
¢”©�˜°¨Ož4“�š—˜}¤2“�œc§¾ªÈœ2›�ž

f (u1; : : : ; us) 2 K : uj = bj for j 6= i 1; : : : ; i l g:

Â

–�ž*µ2œcŸ—˜�œc•—˜}¤2“¥˜°“½•—–�ž¿šhž4“�šhžJ¤cª

�

œcŸh©�¸æœc“�©M¯*ŸFœc¡�šFžJ˜}šu©™ž'Ò�“�ž�©½¶T¸

V(f ) =
sX

l=1

X

1� i 1< ���<i l � s

V (l ) (f ; i 1; : : : ; i l ):
Ç

�+Á

1

É

�(œc•—¡™ŸFœc§°§°¸

f
˜}šu›%œc§°§}ž�©M¤cª7¶$¤2¡™“�©™ž�©Mµ2œcŸ—˜�œc•—˜}¤2“×¤2“

K
³�´g–�ž4“

V(f ) < 1 Á

iGjlk

�	�

k>m

�	��� o

x

���~�

m������

�

���

�

�	�

�

k

� �

�

��
�����‚P�

� 3F%

f
a

3c7

�

+>)	 !%��T'*) '

�
a

'*+>)	6$346`ƒK7*:#�T7;%���';)

?H�1) %1"S3G�!3#),�!3C'

�2…

7*:46

b

7;)	6f‡G:W7*+.�!3
I

'*)

K
7;)	6

! = (y1; y2; : : : )
7X�P3��F+,3#)	 539'*)

K d �

"-3Xˆ ‰p‹

�
)	%A3T<*:47;%���';)^3F:R:4'*:Y (7;)

a

3

a

'*+>)	6$346

a#b

�
�
�
�
�

Z

K
f (x)dH (x) �

1
N

NX

n=1

f (yn)

�
�
�
�
�

� V (f )DN ;H (! ):
Ç

�+Á

0

É

�

•™Ÿh¤+¤cªu¤cªg•—–™˜}šÄ›�ž4“:•—ŸFœc§o•—–�ž�¤2Ÿhž4¨ ›%œc“Ë¶$žÔªÀ¤2¡™“�©Åž

Á

®

Á

˜°“UØ

0

>

Ú

ªÀ¤2ŸÄ•—–�žÔ¡™“™˜-ªÀ¤2Ÿ—¨ ©�˜}š—•—Ÿ—˜°¶™¡™•—˜}¤2“«³eœc“�©

˜°“UØ

�

�cÚ

ª¬¤2Ÿ¿®�ž4“�ž4ŸFœc§n©�˜}š—•—Ÿ—˜°¶™¡™•—˜}¤2“�š

�

Ç ¡�šh˜°“™®Ãœ½š—§°˜°®�–T•�š—•<ž�›4˜�œc§°˜°Õ3œc•—˜}¤2“Ñ•h¤Mµ�œcŸ—˜�œc•—˜}¤2“Æ˜°“Å•—–�ž·¨Ož%œ2š—¡™Ÿhž

šhž4“�šhž3É

Á

’”“ÑØ

Ù21�Ú

³«¹+¤2¶$¤2§‰§}¤+¤ ��ž�©Ãœc•Ä )¡�œ2š—˜-¢”£Ã¤2“:•hžO¦nœcŸ—§}¤Ê˜°“:•hž4®�ŸFœc•—˜}¤2“Å¤cª‡šh˜°“™®�¡™§�œcŸ)ªÀ¡™“�›4•—˜}¤2“�š(´g˜°•—–6Ÿhž�š—•$ž�›4•(•h¤

•—–�žg¡™“™˜-ª¬¤2Ÿ—¨ ©�˜}š—•—Ÿ—˜°¶™¡™•—˜}¤2“

Á��

žn®:œ�µ�žŠ›�¤2“�©�˜°•—˜}¤2“�šwªÀ¤2Ÿ€˜°•hšw›�¤2“:µ�ž4Ÿ—®�ž4“�›�ž)˜°“:µ�¤2§°µ+˜°“™®Ä•—–�žoªÀ¡™“�›4•—˜}¤2“Êœ2še´ož4§°§

œ2šg•—–�žJšhž�±T¡�ž4“�›�žJ¡�šhž�©

Á

’a“½•�œcŸ—•—˜}›4¡™§�œcŸ%³�–™˜}šu•—–�ž�¤2Ÿhž4¨ Ÿhž%œ2©™š%é

iGjlk

�	�

k>m

�	��n o�
~����� � � � ����� ‚P�

� 3F%

i0 � f 1; : : : ; sg
7;)	6

K i 0
a

3Y%1"S3

a

'*+>)	6N7*:

b

'

�

[0; 1]s
@�"S3#:(3]7*L
L

 ('P'*:46*�1)	7;%A3R�

x(i ) = 1
�

'*:

i =2 i 0
d

�l3F%

�

+>:F%1"S3#:#=|';:43

c < cN J
@�"-3#:43

cN = min1� � � N

�
x(1)

� ; : : : ; x (s)
�

�
J

7*)	6

Gi 0
%1"S3 �S7*:F%Š'

�

K i 0
J

@�"-3#:43

x(i 1 ) ; : : : ; x (i j ) � c d

�
�B�

';:Y3#ƒ�3#:

b

i 0
%1"S3G�
)	%A3T<*:47*L

Z

K i 0

x(i 1 ) � � � x (i j )
�
�
� f (i 0) (x (i 0))

�
�
� dx(i 0) Ç

�+Á

Ù

É

 ('*),ƒ*3#:�<.3R�C7*)�6

D i 0

N (x1; x2; : : : )
Z

G i 0(c)

�
�
� f (i 0)(x (i 0) )

�
�
� dx(i 0) = o(1) ;

Ç

�+Á �

É

%1"S3#)

limN !1
1
N

P N
� =1 f (x � ) =

R
[0;1]s f (x)dx d

’”“¥•—–™˜}š(•�œc•$ž4Ÿ(´‡ž0´g˜°§°§‰®�ž4“�ž4ŸFœc§°˜°Õ%ž�•—–™˜}š(Ÿhž�š—¡™§°•(•h¤
´‡ž4˜°®�–:•hž�©6˜°“T•hž4®�ŸFœc•—˜}¤2“«³¾´g–™˜}›h–6¨Ož%œc“�š*˜°“T•hž4®�ŸFœc•—˜}¤2“

´g˜°•—–ÆŸhž�š—•<ž�›4•¿•h¤ÃœcŸ—¶™˜°•—ŸFœcŸ—¸Å©™ž4“�š—˜°•—˜}ž�š

h(x) ÁæÍ

žO´g˜°§°§nœc§}šh¤½˜°“:µ�ž�šh•—˜°®:œc•hž
šhž4µ�ž4ŸFœc§‡´oœ%¸+š�•h¤×›�¤2“�š—•—Ÿ—¡�›4•

•—–�ž½šhž�±T¡�ž4“�›�ž�šÔ“�ž�ž�©™ž�©�ª¬¤2Ÿ
 (£6¦ ˜°“T•hž4®�ŸFœc•—˜}¤2“U´

Á

Ÿ

Á

•

Á

œcŸ—¶™˜°•—ŸFœcŸ—¸…©™ž4“�š—˜°•—˜}ž�š
œc“�©�•™Ÿh¤2•<¤�šhžæ´nœ�¸�šO•h¤

¤%µ�ž4Ÿh›�¤2¨Ož�šh¤2¨Ož*•™Ÿh¤2¶™§}ž4¨Oš)¤+›�›4¡™Ÿ—Ÿ—˜°“™®O˜°“M›�¤2“Tµ�ž4“:•—˜}¤2“�œc§7¨Ož4•—–�¤T©™š

Á
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3

��� � 	�� áuÞ*� �:â�å �)�eÞ��"åháuÞ*" �½ä5"�� �

º«ž4•(¡�šuÒ�Ÿhš—•*›�¤2“�š—˜}©™ž4Ÿ(•—–�ž�¤2“�ž'¢”©�˜°¨Ož4“�šh˜}¤2“�œc§7›%œ2šFž

ÁŠÂ

–�ž�¨·œc˜°“¥•—–�ž�¤2Ÿhž4¨ ¤cªw•—–™˜}š*šhž�›4•—˜}¤2“Ã®�ž4“�ž4ŸFœc§°˜°Õ%ž�š

œc“�©Ö›�¤2¨Ä¶™˜°“�ž�še•—–�žn¯Š¤ ��š—¨·œ(˜°“�ž�±T¡�œc§°˜°•”¸MÇ

�+Á

>3É�˜°“Ô¤2“�žo©�˜°¨Ož4“�šh˜}¤2“Ô´g˜°•—–
¹+¤2¶$¤2§ �sše›�¤2“Tµ�ž4Ÿ—®�ž4“�›�žg•—–�ž�¤2Ÿhž4¨

Ø

Ù212Ú

ª¬¤2Ÿ* (£Ï¦ ˜°“:•hž4®�ŸFœc•—˜}¤2“Ï¤cªwš—˜°“™®�¡™§�œcŸŠ˜°“T•hž4®�ŸFœc“�©™š

Á

’a“�š—•hž%œ2©M¤cªe•—–�ž¿¡™“™˜-ª¬¤2Ÿ—¨ ©�˜}š—•—Ÿ—˜°¶™¡™•—˜}¤2“«³"´‡žÄ´g˜°§°§

œ2šhš—¡™¨Ožgœc“OœcŸ—¶™˜°•—ŸFœcŸ—¸�©�˜}š—•—Ÿ—˜°¶™¡™•—˜}¤2“

H (x)
¤2“

[a;b]
œc“�©0šh–�¤%´ ›�¤2“:µ�ž4Ÿ—®�ž4“�›�žŠ¤cª�•—–�žu (£6¦Ë˜°“T•hž4®�ŸFœc•—˜}¤2“

Á

Â

–�žÊ¨Ä¡™§°•—˜-¢”©�˜°¨Ož4“�š—˜}¤2“�œc§(›%œ2šhžÊ´g˜°§°§g¶$žÊ•—Ÿhž%œc•hž�©�˜°“ œÃš—˜°¨Ô˜°§�œcŸÔ¨·œc“™“�ž4ŸÔ˜°“�•—–�ž
“�ž'¼�•Ošhž�›4•—˜}¤2“«³wšF¤¥´ož

•™Ÿhž�šhž4“:•Š•—–�ž¿š—˜°¨Ô•™§}ž4ŸŠ¤2“�ž'¢”©�˜°¨Ož4“�š—˜}¤2“�œc§‰›%œ2šhž*–�ž4ŸhžJ•h¤Ô®�˜°µ�ž�œÖ›4§}ž%œcŸu•™˜}›4•—¡™Ÿhž¿¤cª7•—–�žJ˜}©™ž%œ2š

Á

�

7:987<;

�
	��

J

�

>��

�������Ñ
2F€��	

>

�#B

€

k��

�l

��
1�	� ��� � �

Ó

¤2ŸuœÄšhž�±T¡�ž4“�›�ž

! = (y1; y2; : : : )
§}ž4•

cN = min1� n� N yn
¶<žŠ•—–�ž*š—¨·œc§°§}ž�šh•oµ�œc§°¡�ž

¤cª‰•—–�ž(Ò�Ÿhšh•

N
ž4§}ž4¨Ož4“T•hšŠ¤cª7•—–�ž¿šhž�±T¡�ž4“�›�ž

Á

iGjlk

�	�

k>m

�����~�

�l3F%

a � c � cN d

�
�

7X�P3��F+,3#)	 53

f yi gi 2 N 7;)	6Q7c6*� �„3#:(3#)�%��T7

a

L 3

�

+.)	 P%���'*)

f (x)
'*)

[a;b]
@B��%1"Q7f�R�1).<*+>L_7*:R��%

b

'*)�L

b

7N% %1"S3�L 3

�

%

a

'*+>)	6N7;:

b

�F7;%��
�

� b

%1"S3Y ('*)	6;�1%��T'*)

DN ;H (! )
Z b

c

�
� f 0(x)

�
� dx = o(1)

Ç

�+Á��

É

7��9@ 3#L1LŠ7*�

cN ! a
�

'*:

N ! 1
J

%1"S3#)�%1"S30ˆŠ‰Œ‹ 3R�F%��
=f7;%H'*:

1
N

P N
n=1 f (yn)

 ('*),ƒ�3F:�<$3#�8%H' %1"-3

ƒK7*L +-3]'

�

%1"S3/�1=„�	:4'R�-3#:Y�
)�%A3H<*:W7;Ll'

�

f (x)
'*)

[a;b] 


lim
N !1

1
N

NX

n=1

f (yn) =
Z b

a
f (x)dH (x)

Ç

�+Á��

É

e

3#=f7*:Rg

�+Á

>

d�Ó

¤2Ÿ¥“�¤2“�¢”©�˜-²¾ž4Ÿhž4“:•—˜�œc¶™§}ž…ª ¡™“�›4•—˜}¤2“�šÃ•—–�žÑ›�¤2“�©�˜°•—˜}¤2“ ˜}šÃš—˜°¨Ô˜°§�œcŸÃ¡�š—˜°“™® •—–�žÆµ�œcŸ—˜�œc•—˜}¤2“

V[cN ;b)(f )
˜°“�š—•hž%œ2© ¤cª)•—–�žæ˜°“T•hž4®�ŸFœc§)¤cª(•—–�ž½©™ž4Ÿ—˜°µ2œc•—˜°µ�ž

Á…Â
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Z b

c

� AN ([c;x) ; ! )
N

� H ([c;x))
�
df (x)

Ç

�+Á

>

�

É

Â

–�ž(œc¶<¤%µ�ž)˜}©™ž4“:•—˜°•a¸
›%œc“Ê¶$žŠ•™Ÿh¤%µ�ž�©Ê¶:¸·˜°“�šhž4Ÿ—•—˜°“™®�•hž4Ÿ—¨Oš3³+œc•™•™§°¸+˜°“™®Ö˜°“:•hž4®�ŸFœc•—˜}¤2“æ¶:¸O•�œcŸ—•hšgœc“�©
¡�š—˜°“™®



K)8"G�5$�

/

�

?����

C�9��+!"C$ 

/

 ��

�)/

&NDT8��

/

 Ã&NC��

/

DT�4G���&��+C65$�4�T9<;

/2=M1 � �

•—–�ž(ª¬œ2›4•Š•—–�œc•

H (x)
˜}š)œÔ©�˜}š—•—Ÿ—˜°¶™¡™•—˜}¤2“½ªÀ¡™“�›4•—˜}¤2“×¤2“

[a;b] Á

1
N

NX

n=1

f (yn) �
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Z c
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i=N
³

(i = 0; : : : ; N )
³¾˜°“

•�œcŸ—•—˜}›4¡™§�œcŸ%³™šh¤2¨Ož*ž4§}ž4¨Ož4“:•hš

~yk
¤cª�•—–�ž(•—ŸFœc“�šiª¬¤2Ÿ—¨Ož�©ÊšFž�±:¡�ž4“�›�ž

~!
¨Ô˜°®�–:•Šœ2šhš—¡™¨OžJœ�µ�œc§°¡�ž(¤cª

0 Á

¹T˜°“�›�ž

•—–™˜}š‰˜}š�•—–�žnš—˜°“™®�¡™§�œcŸ—˜°•a¸�¤cª

f (x)
³�œ2›�›�¤2Ÿh©�˜°“™®J•h¤

Â

–�ž�¤2Ÿhž4¨

�+Á

�

•—–�ž�šhžošhž�±T¡�ž4“�›�ž�šeœcŸhž€“�¤2•e©�˜°Ÿhž�›4•—§°¸�šh¡™˜°•hž�©

ªÀ¤2Ÿg¡™“T¶$¤2¡™“�©™ž�©×•™Ÿh¤2¶™§}ž4¨Oš

Á

€

k��

�l

��
1�	� �	���~�

Â

¤Ï¤%µ�ž4Ÿh›�¤2¨Ož½•—–™˜}šÖ•™Ÿh¤2¶™§}ž4¨M³‡´‡ž½©™ž'Ò�“�žM•—–�žÊšFž�±:¡�ž4“�›�ž

�!
ªÀ¤2Ÿ

i = 1; : : : ; N
œ2š

ªÀ¤2§°§}¤3´uš%é

�yk =

8
<

:
~yk

˜-ª

~yk � 1
N ;

1
N

˜-ª

~yk = 0:

Ç

�+Á

>

�

É

iGjlk

�	�

k>m

�	�����

�

"-3

H
E 6*�
�F !:43A�-7*)	 

b

'

�

�!
�
�

a

'*+>)	6$346

a#b
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( �x1; �x2; : : : )
œc“�©

(~x1; ~x2; : : : )
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x (r ) ; : : : ; x (s) œc“�© œ�•�œcŸi¢
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X �
˜}š*©™ž'Ò�“�ž�©Ïœ2š(•—–�ž�šh¡™¨>¤3µ�ž4ŸJœc§°§7ž4§}ž4¨Ož4“:•hšJ¤cª‡•—–�ž�šhž4•
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s
¢”©�˜°¨Ož4“�š—˜}¤2“�œc§�ªÀ¡™“�›4•—˜}¤2“�š
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0 ; � (j )
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� � �
mp � 1X

i p =0

g
�

� (1)
i 1

; : : : ; � (p)
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>

0

É4³<´ožO›%œc“Ï“�¤%´Î•™Ÿh¤3µ�žÔ•—–�žÔ›�¤2“:µ�ž4Ÿ—®�ž4“�›�ž
¤cª‡•—–�ž

s
¢”©�˜°¨Ož4“�¢

š—˜}¤2“�œc§« )¡�œ2š—˜-¢”£¥¤2“T•hžÄ¦nœcŸ—§}¤Öž�š—•—˜°¨·œc•h¤2Ÿn•h¤�•—–�ž)µ�œc§°¡�ž(¤cª�•—–�žŠ˜°¨Ô•™Ÿh¤2•<ž4Ÿn˜°“:•hž4®�ŸFœc§€Ç

�+Á

>

1

É4³�ž4µ�ž4“æ•—–�¤2¡™®�–

•—–�ž€˜°“T•hž4®�ŸFœc“�©Ô›%œc“�¶<žoš—˜°“™®�¡™§�œcŸe¤2“�•—–�ž‡´g–�¤2§}žo§}ž'ª •‰¶$¤2¡™“�©�œcŸ—¸�¤cª�•—–�ž€˜°“T•hž4®�ŸFœc•—˜}¤2“·œcŸhž%œ

Á

¦o¤2“:µ�ž4“:•—˜}¤2“�œc§

¨Ož4•—–�¤T©™š‰¡�š—¡�œc§°§°¸0œc•™•™§°¸¿•—–�ž‡¯)¤ �+šh¨·œQ¢

�

§�œ%´ �2œ(˜°“�ž�±T¡�œc§°˜°•”¸½Ç

�+Á

0

É

Á �

ž4Ÿhž‡•—–™˜}š‰˜°“�ž�±:¡�œc§°˜°•a¸�©™¤+ž�š�“�¤2•‰®�˜°µ�ž

œc“Ï¡™•™•$ž4ŸÄ¶$¤2¡™“�©Ãª¬¤2Ÿ¿•—–�žÖ˜°“:•hž4®�ŸFœc•—˜}¤2“�ž4Ÿ—Ÿh¤2Ÿ%³«¶<ž�›%œc¡�šhžÔ•—–�žÔšh˜°“™®�¡™§�œcŸ—˜°•”¸Å›%œc¡�šhž�šJ•—–�žÔª ¡™“�›4•—˜}¤2“Å•h¤æ¶<ž

¤cªg¡™“:¶<¤2¡™“�©™ž�©Æµ�œcŸ—˜�œc•—˜}¤2“Ë¤2“

[a; b] ÁÊÍ

ž·¤2“™§°¸6Ÿhž�±T¡™˜°ŸhžO•—–�žÔªÀ¡™“�›4•—˜}¤2“Ñ•h¤½¶$ž
¤cªg¶$¤2¡™“�©™ž�©Æµ2œcŸ—˜�œc•—˜}¤2“

¤2“…ž4µ�ž4Ÿ—¸Ë›�¤2¨Ô•�œ2›4•Oš—¡™¶™˜°“T•hž4Ÿ—µ2œc§Š¤cª
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¯Š¤ ��š—¨·œQ¢

�
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>
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�

+>:F%1"S3#:#=|';:43

cN ;j = min1� n� N y(j )
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f (yn ) =
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[a;b ]
f (x) dH(x) :
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º«˜ ��ž€˜°“Ö•—–�žo¤2“�ž'¢”©�˜°¨Ož4“�š—˜}¤2“�œc§�›%œ2šhž‡´‡žnž�š—•—˜°¨·œc•hžo•—–�žo˜°“:•hž4®�ŸFœc•—˜}¤2“Ož4Ÿ—Ÿh¤2Ÿe¤2“�•—–�ž‡˜°“:•hž4Ÿ—µ�œc§

[c; b]
³

´g–�ž4ŸhžO•—–�ž·ª ¡™“�›4•—˜}¤2“

f (x)
˜}š¿Ÿhž4®�¡™§�œcŸ�ªÀ¤2ŸÖœc“:¸Å›F–�¤2˜}›�ž
¤cª

c
³eœc“�©Æšh–�¤%´ •—–�œc•Ä•—–�žOŸhž4¨·œc˜°“™˜°“™®6•hž4Ÿ—¨Oš

µ2œc“™˜}šh–×œ2š

c ! a Á �

®:œc˜°“×š—˜°¨Ô˜°§�œcŸg•h¤Ô•—–�ž¿•™Ÿh¤T¤cªe¤cª

Â
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�
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g(x) =
1
N

A([c; x) ; ! ) � H ([c; x))
Ç
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³

1 � n � N
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cj = � (j )
0 = � (j )

0 � � (j )
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1 � � � � < � (j )
m j = � (j )
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š)œcŸ—®�¡�ž�©¥˜°“ÑØ

0

>

Ú

³"•—–�ž¿§}ž'ªÀ•Š–�œc“�©

š—˜}©™žJ¤cª��w±

Á

Ç

�+Á

>

0

É�³

m1 � 1X

i 1=0

� � �
ms � 1X

i s =0

f
�

� (1)
i 1+1 ; : : : ; � (s)
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g(x) = 0
˜-ª0œc“T¸L¤cªÄ•—–�ž

x (j ) = cj Á �

§}šh¤™³

g(b) =
1 � H ([c; b))

³™šh¤Ö•—–�œc•u•—–�žJšh¡™¨Ô¨·œc“�©×¤cª

p = 0
›%œc“M¶$žJšh˜°¨Ô•™§°˜-Ò�ž�©×œ2š

� �
1;:::;sg

�
x(1) ; : : : x (s) )f ( x (1) ; : : : ; x (s)

�
= g(b)f (b):
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�
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¹T˜°¨Ô˜°§�œcŸ—§°¸�³oªÀ¤2Ÿ

1 � p � s
³o¤2“™§°¸�•hž4Ÿ—¨OšO´g˜°•—–
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›�¤2“T•—Ÿ—˜°¶™¡™•hžÑÇ ˜-ª¿œc“:¸
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X �
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� � �
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� �
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X �
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[a; b]
šh¤
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ip+1 ; : : : ; i s
œcŸhž¿šhž4•g•h¤
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f 1(x) � f 2(x)
�

';:Q7;L
L

x � x0 J
%1"S3#) %1"S3c�
),ƒ*3#:5�P3O6;���F%�:R�

a

+S%���'*)

�

+>)	 !%��T'*)-�c7N !%G�
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